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Abstract—Localization using the time-of-arrival of a wideband
signal has the potential to achieve high accuracy, thereby making
it a promising choice for a variety of applications. However,
a major challenge impacting localization accuracy is multipath
propagation, i.e., the existence of indirect paths from a target
to an anchor (transceiver) via one or more obstacles present
in the environment. In this paper, we provide an overview
of the techniques proposed in the literature to analyze and
address the effects of multipath on localization accuracy. For
this purpose we first cast the localization of one or more
targets as a maximum apriori estimation problem, where the
distribution of the amplitudes and times of arrival of the indirect
paths serves as a prior. Under this framework, we show that
multipath can either be a blessing or a curse depending on the
extent of prior knowledge available about the multipath statistics.
Specifically, in the absence of any indirect path information, only
the direct paths that go straight from a target to an anchor
contain useful position information; in other words, multipath
negatively impacts localization performance. Thus, in this case,
it is important to detect the anchors having line-of-sight to the
target(s) and we review the techniques reported in the literature
to solve this problem. On the other hand, if complete indirect
path information is available (i.e., the propagation paths of all
multipath components are known), then each indirect path is
equivalent to a direct path from a virtual anchor and hence,
the spatial diversity offered by multipath can be exploited for
improving localization accuracy.

Index Terms—Localization; Time-of-arrival (ToA); Tracking;
Multipath; Line-of-sight (LoS) identification; Multipath exploita-
tion; Tracking algorithms

I. INTRODUCTION

The ability to accurately determine the location of (i.e.,
localize) one or more targets remotely is a necessary and
vital component of numerous applications such as navigation,
search and rescue operations, surveillance, medical imaging
etc., including an ever-growing list of emerging applications
such as location-based advertising [1] and social networks [2],
crowd-sensing [3] and crowd-sourcing [4], inventory tracking
[5], assisted living [6] and so on. Generally speaking, a typical
use-case scenario consists of a network of nodes with known
coordinates, called anchors, deployed over a region of interest
that contains one or more (possibly moving) targets that
need to be localized, as shown in Fig. 1. Under this setting,
target localization reduces to a relatively simple application of

S. Aditya and A. F. Molisch are with the Ming Hsieh Dept. of Electical
Engineering, University of Southern California, Los Angeles, CA 90089,
USA. Email: {sundarad, molisch}@usc.edu

H. Behairy is with the King Abdulaziz City for Science and Tech-
nology (KACST), P. O. Box 6086, Riyadh 11442, Saudi Arabia. Email:
hbehairy@kacst.edu.sa

This work was supported by KACST under grant number 33-878.

Target Anchor

Obstacle

IP

DP

Blocked DP

Fig. 1: A typical localization use-case scenario consisting of
anchors, targets and possibly obstacles, which may give rise
to multipath. The location of the obstacles (and therefore, the
propagation paths of the multipath components contributed by
them) may or may not be known.

geometric and trigonometric principles, as shown in Fig. 2. In
Fig. 2a, the unknown coordinates of the target on the plane can
be determined unambiguously if its distance (also known as
range) to at least three anchors are known. Each range value
constrains the target to lie on a circle of radius equal to the
range, with the corresponding anchor at the center, and the
target location can be unambiguously determined by solving
for the intersection of three or more such circles1. In a similar
manner, the difference between pairs of ranges can also be
used for localization, as illustrated in Fig. 2b. In this case, each
range difference constrains a target to lie on a hyperbola and
the intersection of three or more such curves unambiguously
determines the target location. These range-based localization
techniques are referred to as multilateration2. Alternately, in
Fig. 2c, the target coordinates can be determined if the angles
formed with respect to the horizontal at two or more anchor
locations are known. This technique is called triangulation.

An accurate method to determine the distance between
two points involves transmitting a short pulse [7], known as
a ranging signal, from one of the locations and measuring
its time-of-arrival (ToA) at the other point using a common
reference clock. Thus, if the anchors in Fig. 1 are a network of
wireless transceivers, then localization using ranges obtained
from the ToA of the ranging signal (Fig. 2a) is commonly

1For 3D localization, the ranges to at least four anchors are required for
unambiguous localization.

2In some texts, the technique in Fig. 2a using absolute range values is
referred to as trilateration, regardless of the number of anchors, whereas
multilateration is used to exclusively refer to the technique in Fig. 2b involving
range differences.
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(a) Each distance (range) value constrains
the target to lie on a circle of radius
equal to the range, with the corresponding
anchor at the center, and the intersection
of three or more such circles provides
an unambiguous solution for the target
location.
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(b) The difference of a pair of range values
from two different anchors constrains the
target to lie on a hyperbola. In this figure,
the range to Anchor 1 is subtracted from
all the other range values. A minimum of
four anchors is required for unambiguous
2D localization in this case.
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(c) The angles formed by the target (with
respect to the horizontal) at two or more
anchor locations can be used to obtain
an unambiguous solution for the target
location.

Fig. 2: Basics of localization.

referred to as ToA-based localization. Similarly, the technique
in Fig. 2b using range differences is also known as time-
difference-of-arrival (TDoA)-based localization. Alternately,
the range between a target and an anchor can also be ob-
tained from the ratio between the transmitted and received
powers of the ranging signal, as the signal strength decreases
monotonically with distance. Thus, localization using ranges
obtained in this manner is known as signal strength (SS) or
received signal strength indicator (RSSI) based localization.
The ranging signal can also be used to measure the angles
required for triangulation if the anchors contain an antenna
array, as shown in Fig. 2c. In particular, the angle-of-arrival
(AoA) of the ranging signal at an anchor can be estimated from
the variation of the signal phase across the array elements [8].
As a result, the localization technique illustrated in Fig. 2c is
also known as AoA-based localization.

In the above discussion, there is an implicit assumption
that the targets in Fig. 1 have radio-frequency (RF) circuitry
that enables them to either transmit or receive ranging signals.
This holds true for a number of applications (e.g., location-
based advertising where the targets are smartphones), which
are collectively categorized as active localization scenarios. On
the other hand, there are many applications where the targets
do not have any RF circuitry and only reflect or scatter the
incoming signals from the anchors (e.g., tumors in medical
imaging); these are collectively categorized as passive local-
ization scenarios. Furthermore, for passive localization, the
transceivers can also be replaced by disjoint transmitter (TX)
and receiver (RX) nodes. In this case, an anchor is functionally

equivalent to a TX-RX pair. Such an anchor architecture is
especially popular in the radar community, where it is known
as distributed MIMO radar [9]. Finally, the classification
of localization techniques, based on the properties of the
ranging signal (e.g., ToA, AoA etc.), can be extended to
passive localization as well, with the understanding that the
propagation path of the ranging signal involves two hops
(i.e., anchor→target→anchor for the transceiver anchor model
and TX→target→RX for the distributed MIMO radar anchor
model). For instance, for passive ToA-based localization under
the distributed MIMO radar anchor model, each range value
associated with an anchor-target pair constrains the target to
lie on an ellipse instead of a circle, with the corresponding
TX and the RX lying at its foci, and the target location can
be obtained from the intersection of three or more ellipses,
similar to Fig. 2a.

The choice of a suitable localization technique for a given
application depends on a number of factors, such as cost,
spatial constraints, accuracy of the range measurements, de-
sired localization accuracy, algorithmic complexity etc. For
instance, angle-based localization may not be suitable for low-
cost sensor network-based applications as antenna arrays are
typically larger and more expensive to realize than single-
antenna solutions. On the other hand, while RSSI-based lo-
calization is simple and relatively inexpensive, the accuracy
of the range measurements are especially sensitive to chan-
nel propagation phenomena such as log-normal shadowing,
where the received signal power varies spatially in a random
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manner3 as a result of propagation through obstacles in the
environment [10]. For high accuracy (e.g., centimeter-level)
applications, ToA-based localization using a high bandwidth
(of the order of GHz) ranging signal is especially attractive,
since a large bandwidth provides fine time resolution (because
time and frequency domains form a Fourier-transform pair),
which improves the accuracy of the range measurements [11].
As a result, wideband ToA-based localization has attracted
a lot of research interest [12], and is therefore, the main
focus of this paper4. However, in order to consistently achieve
high localization accuracy under a variety of environmental
conditions, a number of system-level challenges need to be
addressed, which are briefly described below:

a) Accurate ranging: It is easy to see that the localization
accuracy is highly dependent on the ability to accu-
rately measure the ranges between anchors and targets,
a process known as ranging. A number of challenges
impact the ranging accuracy, such as the presence of
thermal noise in receiver electronics, clock synchroniza-
tion between targets and anchors, multipath propagation,
interfering transmissions etc. (Fig. 3). A brief preview
of the principles of ToA-based ranging, including some
of the techniques to address the challenges involved, is
provided in Section II-A.

b) Resource Allocation: In addition to accurate ranging,
system-level issues, such as the efficient use of power and
bandwidth resources [14]–[17], interference management
[18] and scheduling [19], also plays an important role in
the performance of localization systems.

c) Multipath: For accurate ranging, the ToA of the ranging
signal along the direct path (DP), corresponding to the
line-of-sight (LoS) link between a target and an anchor,
needs to be estimated accurately. However, the presence
of obstacles in the environment (Fig. 1) causes the rang-
ing signal to also be reflected off them, which results in
multiple copies of the ranging signal arriving at different
times with varying strengths (Fig. 1). This phenomenon
is referred to as multipath and each such copy is referred
to as a multipath component (MPC). In particular, the
DP component is also an MPC and the other MPCs
which correspond to reflections off obstacles are known
as indirect paths (IPs, Fig. 1). It is easy to see that the
ToA of the DP component is smaller than that of the
IPs. Multipath poses the following challenges to accurate
ranging:

(i) The strongest MPC (i.e., having the the highest
signal-to-noise ratio (SNR)) need not correspond to
the DP signal from a particular target. This is because
the LoS link between a target and an anchor may be
obstructed by obstacles in the environment, which
can either result in the DP component being com-
pletely blocked or severely attenuated with respect

3This variation is typically modeled as a log-normal random variable, which
explains the nomenclature.

4Narrowband ToA-based localization using cellular base-stations as anchors
has also been extensively studied, although the accuracy is typically of the
order of tens of meters [13].
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Fig. 4: The two MPCs in blue appear as a single MPC
(orange), since their ToAs are too close to be resolved. This
leads to a ranging error since the measured ToA is not equal
to the true ToA. The time resolution is inversely proportional
to the bandwidth of the ranging signal.

to the other IPs. As a result, ranging using the ToA
of the strongest MPC can cause large errors.

(ii) Due to DP blockage (Fig. 1), the first arriving MPC
need not correspond to the DP either. As a result,
ranging using the ToA of the earliest arriving MPC
can also cause large errors.

(iii) In spite of the large bandwidth, the time resolution
is not infinite and therefore, the ranging accuracy is
hampered when the DP signal overlaps with the other
MPCs and is not resolvable (Fig. 4). This, in turn,
affects the localization accuracy.

In essence, multipath is the foremost challenge to accu-
rate wideband ToA-based ranging and localization and
over the past two decades, there has been a tremendous
amount of research focusing on its impact, along with
techniques to overcome it. This survey paper is dedicated
to providing a detailed overview of the important results
in this area. Since multipath is a generic propagation
phenomenon encountered in wireless signal transmission,
and is not unique to localization alone, we provide a
brief summary in Section II-B of the characterization
of multipath in the wireless literature, for the sake of
completeness.

A. Organization

This paper is divided into eight sections. In Section II, we
provide a brief overview of the preliminaries; namely, (i) the
principles of ToA-based ranging, (ii) multipath propagation,
and (iii) estimation theory principles, that will be used in
the later parts of this work. In Section III, we introduce the
multipath signal model for both active and passive localization
and formulate target localization and tracking as a maximum
aposteriori (MAP) estimation problem. In Section IV, we
provide bounds for the localization mean square error in the
presence of multipath and describe the conditions under which
the MAP estimates of the target location(s), formulated in
Section III, meet these bounds. In Section V, we analyze
the impact of multipath on ToA estimation. Based on the
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Fig. 3: Different sources of ranging errors

analysis in Section IV, multipath can either be a blessing or
a hindrance to location estimation, depending on the extent
of prior knowledge available about the multipath statistics.
In particular, in the absence of any IP information, multipath
negatively impacts localization performance and therefore, it
is important to use only the DP signals from the anchors
having LoS to the targets for ranging and localization. In
this context, we present LoS/non-LoS (NLoS) identification
techniques for active and passive localization in Section VI.
On the other hand, if complete IP information is available
(i.e., the propagation paths of all MPCs are known), then we
show that each IP is equivalent to a DP from a virtual anchor
(VA) and hence, the spatial diversity (in the form of extra
anchors) offered by multipath can be exploited for improving
the localization accuracy. This case is investigated in Section
VII, where we also describe a template for multipath exploiting
localization algorithms. Finally, Section VIII concludes the
paper.

B. Notation
Throughout this paper, column vectors and matrices are

expressed in boldface by lowercase and uppercase letters,
respectively. The transpose, hermitian, determinant, trace and
inverse operators acting on matrices are denoted by (.)T , (.)H ,
det(.), tr(.) and (.)−1, respectively. [A]n×n denotes the upper
n×n submatrix of a matrix A, while diag(a1, · · · , an) denotes
the n × n diagonal matrix with the i-th diagonal element
equal to ai (i ∈ {1, · · · , n}). For square matrices A and B,
A � B implies A − B is positive semi-definite. In and 0n
respectively denote the n×n identity and zero matrices. ‖.‖2
and (.)∗ respectively denote the Euclidean norm and complex
conjugation, while E[.] denotes the expectation operator acting
on a random variable. N (µ, σ2) denotes the univariate normal
distribution with mean µ and variance σ2, while N (µ,K)
denotes the multivariate normal distribution with mean vector
µ and covariance matrix K. Finally, the set of real numbers
is denoted by R and R2 denotes the xy plane.

C. List of acronyms
For convenience, a list of the most commonly encountered

acronyms in this paper is provided in Table I, in alphabetic

Acronymn Definition
AoA Angle-of-arrival
DP Direct path
ED Energy Detection

EKF Extended Kalman Filter
FIM Fisher Information Matrix

G-CRLB Generalized Cramer-Rao Lower Bound
IP Indirect path

MAP Maximum a-posteriori
MF Matched filter
ML Maximum likelihood

MPC Multipath component
MSE Mean squared error

(N)LoS (Non) Line-of-sight
PF Particle Filter

SNR Signal-to-noise ratio
SPEB Squared position error bound
ToA Time of arrival

TDoA Time difference of arrival
VA Virtual anchor

TABLE I: Table of commonly used acronyms

order.

II. PRELIMINARIES

A. Principles of ToA-based ranging

As mentioned in Section I, ToA-based ranging refers to
the technique of determining the ranges between anchors
and targets using the ToA of the ranging signal. For active
localization, ranging can, in principle, be done by transmitting
the ranging signal from an anchor (or target) and measuring
the ToA at the target (or anchor). This is referred to as
one-way ranging as it involves signal propagation over a
one-way link. While conceptually simple, one-way ranging
requires the clocks at the anchors and targets to be perfectly
synchronized with respect to absolute time. However, due to
oscillator imperfections, the local time at the anchors, TA(t),
differs from the absolute time, t, and this variation is typically
modeled as follows [20]:

TA(t) = (1 + ∆A)t+ µA, (1)

where ∆A > 0 and µA are known as the clock drift and offset,
respectively (for an ideal clock, ∆A = µA = 0). Similarly, let
TB(t) = (1+∆B)t+µB denote the local time at a target. Thus,
for one-way ranging, the errors in the measured ToAs (i.e.,
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|TA(t)−TB(t)|) depend on |µB−µA|, the difference between
the clock offsets, as well as the clock drifts, ∆A and ∆B .
In particular, the errors due to the clock offsets are typically
much larger in magnitude than those due to clock drifts [21].
This can be partially offset by considering the TDoA of the
ranging signals (Fig. 2b) if the anchors are synchronized
among themselves. In this case, a clock offset at a target does
not lead to ranging errors, as it cancels out when the difference
is taken. However, a drawback of TDoA-based ranging and
localization is its relatively lower accuracy when compared to
its ToA-based counterparts [11], along with the requirement of
additional anchor nodes. Thus, in order to obtain the accuracy
benefits of ToA-based localization, a more practical ranging
solution is to employ two-way ranging. In this case, an anchor
first transmits the ranging signal, which is received by the
target. The target then waits for a pre-determined time, τwait,
before transmitting an acknowledgment (ACK) signal back to
the anchor. The time elapsed between the transmission of the
ranging signal and the arrival of the ACK signal is equal
to the signal propagation delay corresponding to twice the
range plus τwait, from which the range can be estimated. This
round-trip approach only requires the clocks to be frequency-
synchronized, without agreeing on absolute time. Additionally,
ranging for passive localization can be thought of as a special
case of two-way ranging where τwait = 0 and the ACK signal
is identical to the ranging signal. While the effects of clock-
offset are mitigated by two-way ranging, the measured ToAs
still differ from the true values by a factor equal to (1 + ∆A)
[21]. Therefore, clock synchronization at regular intervals is
still necessary to minimize the errors in ToA estimation due
to clock drift. For a summary of synchronization techniques
for wireless networks, we refer the reader to [20].

B. Multipath propagation

Multipath propagation is a fundamental feature of wire-
less signal transmission that distinguishes it from the wired
case. Essentially, it refers to the phenomenon where signals
propagate from a source to a destination by bouncing off
various “interacting objects” (IOs) in the environment. Each
such signal echo, taking a different propagation path from the
source to the destination, is referred to as an MPC and the
strength and delay of the MPCs depends on the nature of
the propagation environment. In general, the channel impulse
response due to multipath propagation at a particular time t
can be written as

h(t) =

L∑
i=1

aiξ(t− τi), (2)

where ai and τi denote the complex amplitude and the delay
of the i-th MPC (i = 1, · · · , L), respectively, and ξ(.) is a
“pulse distortion” function. Ideally, ξ(.) should equal δD(.),
the Dirac-delta function, which is equivalent to each MPC
being a scaled and delayed (but otherwise undistorted) copy
of the transmit signal (or ranging signal for a localization
application). However, ξ(.) might deviate from the ideal form,
since the different frequency components of the transmit signal
might experience different reflection/diffraction coefficients at

the IOs. Furthermore, the antennas at the source and the
destination might lead to a distortion of the transmit signal,
which can be either modeled as a part of the transmit signal,
or alternately, as part of the propagation channel. In either
case, a distorted pulse waveform at the destination makes the
determination of the signal ToA more difficult.

A large number of channel models have been established
in the literature for the statistical characteristics of the MPC
amplitudes, {ai}, and delays, {τi}; for shortage of space, we
refer the reader to textbooks (e.g., [22]) for a more detailed
presentation. However, we emphasize here that almost all ex-
isting channel models have been established for the purpose of
modeling the impact of multipath on communication systems
and not localization systems. While the propagation channel
itself is independent of the application or the signal sent over
it, it needs to be noted that channel models always involve a
certain degree of simplification and the type of details that are
discarded in this process does depend on the application. In
particular, for communication systems, the correct modeling
of the strongest MPC is the most important aspect, while
for localization systems it is the first MPC that is the most
important, even if it is relatively weak, since the first MPC is
used as the basis of ranging. As an example, the propagation
channel in industrial NLoS environments is characterized
by a “soft onset”, where the MPC strength first increases
with increasing delay, reaching a maximum at a delay of
some 50ns after the first MPC (corresponding to 15m excess
distance), before decaying [23]. Therefore, as mentioned in
Section I, ranging based on the ToA of the strongest MPC can
cause large errors. For examples of multipath channel models
suitable for localization applications, we refer the reader to
[24]–[26].

C. Estimation theory

In a typical estimation problem, the objective is to determine
the values of one or more unknown parameters, denoted by
a vector a ∈ RN×1, from a collection of observations or
measurements, r, which are a random vector function of
a. For example, in ToA-based localization, the parameter a
corresponds to the coordinates of a target, while r is the vector
of noisy range measurements from different anchors. In this
particular example, the random component is introduced by the
noise. In general, the randomness in r is fully characterized by
the conditional probability density function (pdf) of r given
a, denoted by f(r|a). As a function of r, f(r|a) is a measure
of how likely it is to observe r, for a given value of a. In
particular, a high value of f(r|a) indicates that the values in
the neighborhood of r are more likely to be observed5. Hence,
f(r|a) is also known as the likelihood function of r, given
a. Under this interpretation, an intuitive estimate of a, for a
collection of observations r, is the value that maximizes the
likelihood function. This is known as the maximum likelihood
(ML) estimate of a and can be expressed as follows:

âML = arg max
a

f(r|a). (3)

5Formally, f(r|a) is the probability of observing values lying in an ε-sized
neighborhood centered at r, where ε is an arbitrarily small positive constant.
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For the special case where r is a Gaussian random vector with
mean a and covariance matrix K (i.e., r ∼ N (a,K)), the ML
estimate of a reduces to solving the following optimization
problem

âML = arg max
a

exp(−(r− a)TK−1(r− a))

(2π)N/2(det(K))1/2
(4)

= arg min
a

(r− a)TK−1(r− a). (5)

Furthermore, if K = diag(σ2
1 , · · · , σ2

N ), then (5) reduces to
the following weighted least-squares minimization problem:

âML = arg min
a

N∑
i=1

(ri − ai)2

σ2
i

, (6)

where ri and ai denote the i-th element of r and a, respec-
tively.

In ML estimation, the unknown parameter, a, is treated as
a fixed quantity. However, there are scenarios where it may
be more appropriate to treat a as a random variable, taking
on values which are governed by a marginal pdf f(a). In this
case, an intuitive estimate of a is the value that maximizes
f(a|r), which is the conditional pdf of a, given r. This is
known as the maximum aposteriori (MAP) estimate of a and
can be expressed as follows:

âMAP = arg max
a

f(a|r) (7)

= arg max
a

f(r|a)f(a)

f(r)
(8)

= arg max
a

f(r|a)f(a), (9)

where (8) follows from Bayes’ rule and (9) follows from the
fact that the denominator in (8) is not a function of a. A high
value of f(a) implies that values in the neighborhood of a
are more likely. Thus, in the context of (9), the MAP estimate
skews the ML estimate towards a value of a that is more likely.
As a result, f(a) is also referred to as the prior of a, since it
contains pre-existing information on the value of a that does
not depend on the observations r. For the special case when
a has a uniform prior (i.e., f(a) is the uniform pdf over the
domain of a), the MAP and ML estimates of a coincide, which
is intuitive since, in this case, all values of a are equally likely
apriori and no particular value is more favored, regardless of
r.

In general, an estimate, â, of a is a function of r and is
therefore, a random vector whose moments are well defined.
In particular, â is said to be an unbiased estimate of a if the
following condition is satisfied

E[â− a] = 0. (10)

For an unbiased estimate â of a, its covariance matrix satisfies
the following bound

E[(â− a)(â− a)T ] � J−1(a), (11)

where the quantity J(a) is known as the Fisher information
matrix (FIM) of a, which is defined in the following manner:

J(a) = E

[(
∂

∂a
ln f(r|a)

)(
∂

∂a
ln f(r|a)

)T]
. (12)

Intuitively, J(a) captures the information about a that can be
extracted using only r. The inequality in (11) is referred to
as the Cramer-Rao lower bound (CRLB) and is met with
equality by the ML estimate, âML, when the size of the
observation vector, r, tends to ∞ [27]. Using simple linear
algebra identities, the CRLB can also be expressed in the
following manner, which may be useful in some cases:

E[‖â− a‖2] ≥ tr(J−1(a)). (13)

Additionally, if a = [aT1 aT2 ]T , where a1 ∈ RN1×1 and a2 ∈
R(N−N1)×1, then the CRLB for the sub-parameter a1 has the
following form:

E[‖â1 − a1‖2] ≥ tr([J−1(a)]N1×N1
), (14)

where â1 denotes the (unbiased) estimate of a1.
When additional information on a is available in the form

of a prior, f(a), the notion of FIM can be extended in the
following manner:

JG(a) = E

[(
∂

∂a
ln(f(r|a)f(a))

)(
∂

∂a
ln(f(r|a)f(a))

)T]
,

(15)

where JG(a) is known as the generalized FIM of a, which
captures the information on a that can be extracted from both
r and the prior, f(a). For an unbiased estimate â, a generalized
CRLB (G-CRLB) can be obtained by replacing J(a) with
JG(a) in the inequalities in (11), (13) and (14). Similarly, the
G-CRLB is met with equality by the MAP estimate, âMAP,
when the size of r tends to ∞.

III. SIGNAL MODEL

A. Active Localization

Due to its similarity in principle to passive localization,
we assume two-way ranging throughout this paper for con-
sistency of analysis and notation. Furthermore, we assume
that the ACK transmitted by each target is unique (e.g.,
the communication protocol could require the transmission
of identification information, such as device ID or MAC
address etc.) and that the ACKs from multiple targets do not
interfere with each other, for simplicity. As a result of these
assumptions, the MPCs (i.e., both DPs and IPs) corresponding
to each target are mutually distinguishable at each anchor.
Therefore, the problem of jointly localizing Mt targets is
equivalent to solving Mt independent instances of the single-
target localization problem. Hence, without loss of generality,
we consider the single target case for active localization.

Consider Ma ≥ 3 anchors situated in R2, where the location
of the i-th anchor is denoted by pi = [xi yi]

T . Similarly, let the
target location be denoted by p = [x y]T and let saci (t) denote
the ranging signal transmitted by the i-th anchor6. Assuming
no pulse distortion (i.e., ξ(·) = δD(·) in Section II-B), the
return signal received at the i-th anchor, denoted by zaci (t),

6We consider localization over a 2D plane throughout this work. The
extension to the 3D case is straightforward.
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can be modeled as a superposition of a number of MPCs in
the following manner:

zaci (t) =

Lac
i∑

l=1

αac
il s

ac
i (t− τacil (p)) + ηaci (t), (16)

where Lac
i denotes the number of MPCs observed at the i-

th anchor, αac
il and τacil (p) denote, respectively, the complex

amplitude and the ToA of the l-th MPC at the i-th anchor,
and ηaci (t) denotes the thermal noise, which is modeled as
an additive white Gaussian random process with a two-sided
power spectral density of N0/2 (i.e., over a bandwidth B,
ηi(t) ∼ N (0, N0B) for each t). Furthermore, the noise
processes at different anchors are assumed to be mutually
independent.

For a sufficiently high SNR, the first arriving MPC at the
i-th anchor, with ToA τaci1 (p), is a DP if and only if the optical
LoS exists between the target and the i-th anchor. Otherwise, it
is an IP7. In general, the ToA of the l-th MPC can be modeled
as follows:

τacil (p) =
2

c
‖pi − p‖2 + bacil , (17)

where c denotes the speed of light in free space and bacil is a
non-negative term that represents the excess delay of an IP,
with respect to the DP round-trip propagation time, 2‖pi −
p‖2/c. Thus, baci1 = 0 corresponds to the case when the first
MPC is a DP. The vector bac

i = [baci1 · · · baciLac
i

]T can either be
treated as an unknown, fixed quantity or as a random vector
with pdf f(bac

i ).
Let zaci denote the equivalent vector representation of zaci (t),

obtained by a Karhunen-Loeve expansion [27] and let zac =
[(zac1 )T · · · (zacMa

)T ]T . The unknown parameters, other than
p, can be represented as a vector, θac = [(κac

1 )T · · · (κac
Ma

)T ],
where κac

i = [αac
i1 baci1 · · · αac

iLac
i
baciLac

i
]T is the vector of

MPC amplitudes and excess delays corresponding to zaci . From
Section II-C, the likelihood function of zac, given θac and p,
has the following expression:

f(zac|p,θac) =

Ma∏
i=1

f(zaci |p,θ
ac), (18)

f(zaci |p,θ
ac) ∝ exp

 2

N0

∞∫
−∞

zaci (t)

Lac
i∑

l=1

αac
il s

ac
i (t− τacil (p))dt

− 1

N0

∞∫
−∞

Lac
i∑

l=1

αac
il s

ac
i (t− τacil (p))

2

dt

 ,

(19)

where (18) results from the mutual independence of the
collection of noise processes {ηaci (t) : i = 1, · · · ,Ma}, and
(19) follows from the fact that for each t, ηaci (t) has a normal
distribution.

7In some cases, optical LoS may be blocked but radio LoS may still exist
if the ranging signal can penetrate through the blocking obstacle. However,
such an MPC is still considered an IP as it would generally arrive at a later
time, due to a slower propagation speed through the medium of the obstacle.

The MAP estimate of the target location, denoted by p̂MAP,
can then be expressed as follows:

p̂MAP = arg max
p,θac

f(zac|p,θac)f(θac,p), (20)

where the joint pdf f(θac,p) is the prior of θac and p, which
captures any apriori knowledge of p and θac through the joint
pdf, f(bac

1 , · · · ,bac
Ma

) (e.g., floor plan information).

B. Passive localization

For passive localization, unless otherwise specified, we
assume a transceiver model for the anchors, similar to the
active localization case, instead of a distributed MIMO radar.
We also retain the same anchor setup considered in Section
III-A for the active localization case (i.e., Ma anchors with the
i-th anchor location denoted by [xi yi]

T ), while additionally
considering Mt(> 1) passive targets, all having identical radar
signatures8, with the location of the j-th target denoted by
qj = [x̃j ỹj ]

T (1 ≤ j ≤Mt).
Let spai (t) denote the ranging signal transmitted by the i-

th anchor. Unlike the active localization case, the received
signal at any anchor typically contains other MPCs that are
neither DPs nor IPs corresponding to any target (e.g., the
MPC due to the anchor → obstacle → anchor path in Fig.
1). These MPCs, referred to as background clutter, do not
contain any information about the target location(s), as they
do not reflect off any target. Furthermore, the clutter MPCs
generally tend to drown out the DPs and IPs as they have
a much higher SNR, in comparison. Thus, it is important to
eliminate the background clutter in order to accurately detect
the MPCs that reflect off targets. This process is referred to
as background subtraction. An obvious approach is to first
measure the background response by transmitting spai (t) when
no target is present and then, subtracting it from the response
obtained when one or more targets are present [29]. However,
this method may not be suitable for all applications as it may
be difficult in some applications to ensure that no targets are
present when measuring the background response. Moreover,
the effectiveness of this technique is limited to static or quasi-
static environments that do not change much over the course of
both measurements. Other background subtraction techniques
that do not require a targetless background measurement are
reported in [30], [31]. These techniques are effective for time-
varying environments, as well.

After background subtraction, let zpai (t) denote the received
signal at the i-th anchor due to all the target(s), which is
modeled as follows, similar to (16):

zpai (t) =

Lpa
i∑
l=1

αpa
il s

pa
i (t− τpail (q)) + ηpai (t), (21)

where Lpa
i denotes the number of observed MPCs, αpa

il and
τpail (q) respectively denote the complex amplitude and the ToA

8By radar signature, we mean the scattering properties which are captured
by the notion of the radar cross-section (RCS) [28]. The identical radar
signature assumption implies that we are unable to distinguish between
MPCs emanating from different targets based on any specific scattering
characteristics, although the amplitudes of the reflected signals are, in general,
different for the different targets.
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of the l-th MPC, where q = [qT1 · · · qTMt
]T , and ηpai (t)

denotes the additive noise, which has the same properties as
ηaci (t). Unlike the active localization case, it is not obvious
which MPC corresponds to which target. In particular, an MPC
with a later ToA could be a DP corresponding to a target that
is far away, while an earlier arriving MPC could be an IP
corresponding to a nearby target. Thus, it is not necessary for
all the DP ToAs to be smaller than the IP ToAs for the multi-
target case. Therefore, it is important to identify the MPCs
corresponding to a particular target, in order to localize it.
This process is known as data association and to do this, we
define the following decision variables [32], [33]:

kilj =

{
1, if τpail (q) is a DP to the j-th target
0, else

, (22)

gilj =

{
1, if τpail (q) is an IP associated with the j-th target
0, else.

(23)
Due to finite bandwidth, which induces a finite time resolution,
two or more closely separated MPCs may overlap with one
another and not be resolvable (see Fig. 4). Therefore, it is
possible for an observed MPC to be associated with more
than one target. Thus, if the l-th MPC at the i-th anchor is
associated with the j-th target, then

τpail (q) =

{
2‖pi − qj‖2/c, if kilj = 1

2‖pi − qj‖2/c+ bpailj , if gilj = 1,
(24)

where bpailj is a positive term that represents the excess delay
of the IP relative to the DP round-trip propagation time,
2‖pi − qj‖2/c. For all other cases, bpailj = 0. The vector
bpa
ij = [bpai1j · · · b

pa
iLpa

i j
]T can either be treated as an unknown,

fixed quantity or as a random vector with pdf f(bpa
ij ).

Let zpai denote the equivalent vector representation of
zpai (t) and let zpa = [(zpa1 )T · · · (zpaMa

)T ]T . The un-
known parameters, other than q, can be represented as
a vector, θpa = [(κpa

1 )T · · · (κpa
Ma

)T ]T , where κpa
i =

[αpa
i1 bpai11 k

pa
i11 g

pa
i11 · · · b

pa
i1Mt

kpai1Mt
gpai1Mt

· · · αpa
iLpa

i
bpa
iLpa

i 1

kpa
iLpa

i 1
gpa
iLpa

i 1
· · · bpa

iLpa
i Mt

kpa
iLpa

i Mt
gpa
iLpa

i Mt
]T is the vector

of MPC amplitudes, excess delays and target associations
corresponding to zpai . Similar to the active localization case,
the likelihood function of zpa, given q and θpa, has the
following expression:

f(zpa|q,θpa) =

Ma∏
i=1

f(zpai |q,θ
pa), (25)

f(zpai |q,θ
pa) ∝ exp

 2

N0

∞∫
−∞

zpai (t)

Lpa
i∑
l=1

αpa
il s

pa
i (t− τpail (q))dt

− 1

N0

∞∫
−∞

Lpa
i∑
l=1

αpa
il s

pa
i (t− τpail (q))

2

dt

 .

(26)
The joint MAP estimates of all the target locations, denoted
by q̂MAP, can then be expressed as follows:

q̂MAP = arg max
q,θpa

f(zpa|q,θpa)f(θpa,q), (27)

where the joint pdf f(θpa,q) is the prior of θpa and q.

C. Tracking

For tracking applications, the MAP estimation framework
can be extended to include moving targets as well, by in-
corporating a time component. For simplicity, we consider
a single target and hence, both active and passive tracking
reduce to the same problem after suitable background sub-
traction for the passive case. Let p(t) = [x(t) y(t)]T denote
the location of the target at time t and let θ(t) denote the
other unknown parameters, related to the MPCs. Similarly, let
z(t) = [z

(t)T
1 · · · z

(t)T
Ma

]T denote the vector representation of
the received signal at time t. Assuming slotted time, let z(1:t)

denote the collection of measurements up to, and including,
time t. The MAP estimate of p(t) can then be formulated as
follows:

p̂
(t)
MAP = arg max

p(t)
f(p(t)|z(1:t)) (28)

where, in general, all the measurements up to, and including,
time t can be used to estimate the current target location.
Typically, the target’s movement is governed by a motion
model, which, if known, can also be incorporated as a prior
in the MAP estimation problem. A popular assumption in
many applications is a Markov motion model, where p(t) (and
θ(t)) depends only on p(t−1) (and θ(t−1)) via a conditional
pdf, denoted by f(p(t),θ(t)|p(t−1),θ(t−1)). In this case, (28)
can be decomposed into two recursive steps: prediction and
update, given by

Prediction: f(p(t),θ(t)|z(1:t−1)) =∫
f(p(t),θ(t)|p(t−1),θ(t−1))f(p(t−1),θ(t−1)|z(1:t−1))dp(t−1)

(29)
Update:

p̂
(t)
MAP = arg max

p(t)
f(z(t)|p(t),θ(t))f(p(t),θ(t)|z(1:t−1)).

(30)

Intuitively, the prediction step in (29) involves estimating the
current target location with the help of all previous location
estimates and measurements (i.e., excluding the current mea-
surement, z(t)), while the update step in (30) is a refinement
of the predicted target location using z(t).

For linear Gaussian measurement and motion models9, the
optimal solution for (29)-(30) is the well-known Kalman filter.
However, for ToA-based localization, the relationship between
p(t) and z(t) is non-linear (see (16)-(17)) and hence, a Kalman
filter is, in general, not optimal. The most common solutions
used for non-Gaussian systems are the extended Kalman filter
(EKF) [34] and particle filters (PFs) [35], which are described
in more detail in Section VII-A in the context of multipath
exploiting tracking algorithms. Both solutions were shown
to be special cases of a paradigm called belief condensation
filtering [36].

9The measurement model is said to linear Gaussian if z(t) = H(t)p(t) +

n
(t)
1 , for some matrix, H(t), and Gaussian random vector, n(t)

1 . Similarly,
the motion model is said to be linear Gaussian if p(t) = Fp(t−1) + n

(t)
2 ,

for some matrix F(t) and Gaussian random vector, n(t)
2 .
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For the MAP estimates, p̂MAP, q̂MAP and p̂
(t)
MAP, the

localization accuracy is commonly characterized by the mean-
square error (MSE), which is equal to E[‖p̂MAP − p‖22],
E[‖q̂MAP−q‖22] and E[‖p̂(t)

MAP−p(t)‖22] for the active local-
ization, passive localization and tracking cases, respectively.
In the next section, we analyze the impact of multipath on the
MSE and provide a lower bound for the achievable MSE in
the presence of multipath.

IV. FUNDAMENTAL LIMITS OF WIDEBAND TOA-BASED
LOCALIZATION

In order to analyze the impact of multipath on the localiza-
tion accuracy, we consider a common notational framework
for both active and passive localization, based on the signal
model described in Sections III-A and III-B. For a target at
p = [x y]T , let z = [zT1 · · · zTMa

]T denote the received
signal vector, where zi is the equivalent vector representation

of the received signal, zi(t) =

Li∑
l=1

αilsi(t − τil(p)) + ηi(t),

corresponding to a ranging signal si(t) transmitted by the i-th
anchor. Similarly, let θ denote the vector of MPC amplitudes
and excess delays. For this setup, the MSE of any unbiased
estimate, p̂, of p can be bounded using the G-CRLB defined
in Section II-C, in the following manner:

E[‖p̂− p‖22] ≥ tr([J−1G (Θ)]2×2), (31)

where Θ , [pT θT ]T and JG(Θ) is the generalized FIM of
Θ, given by:

JG(Θ) , E

[(
∂

∂Θ
ln(f(z|Θ)f(Θ))

)(
∂

∂Θ
ln(f(z|Θ)f(Θ))

)T
]
.

(32)

In the high SNR regime, the bound in (31) is met with
equality by the MAP estimate of p, obtained by solving (20)
and (27) for active and passive localization, respectively. In
localization terminology, the quantity on the RHS of (31) is
referred to as the squared position error bound (SPEB) [37].
Intuitively, JG(Θ) captures the target location information
contained in the DPs and IPs and for closed-form expressions
of JG(Θ), we refer the reader to [38]. While we have assumed
non-cooperative localization in our analysis so far (i.e., the
targets do not communicate with each other and therefore,
each target is localized using only its ranges to the anchors),
significant improvements in both accuracy and coverage area
can be achieved through cooperative localization, where the
ranges between targets are also used for localization [39]–[41].
The generalized FIM framework can be extended to include
cooperative localization as well, and the corresponding SPEB
was derived in [42]. Similarly, the generalized FIM can also
be extended by including a time component to characterize
the fundamental limits of tracking [43].

For simplicity and without loss of generality, we restrict our
focus to non-cooperative localization, and consider the follow-
ing special cases of JG(Θ), which encompass a majority of
practical scenarios and correspond to the extremes with respect
to knowledge of the prior, f(Θ):
(a) No prior IP information available: This scenario typically

arises when the distribution of the obstacle locations

that give rise to the observed MPCs is unknown, which
corresponds to a uniform pdf for f(Θ) over the domain
of Θ. In this case, JG(Θ) can be decomposed as a sum
of rank one matrices in the following manner [38]:

JG(Θ) =

Ma∑
i=1

δi(p)λiu(φi)u(φi)
T , (33)

where δi(p) =

{
1, if i-th anchor has LoS to p

0, else.
(34)

In this form, the location information contained in JG(Θ)
is more easily seen; in particular, the i-th term in the
summation in (33) indicates the ranging information
contributed by the i-th anchor. Thus, if no prior IP
information is available, then JG(Θ) and the SPEB
depend only on the range information contained in the
DPs, which is intuitive. Furthermore, if δi(p) = 1, then
the ranging accuracy at the i-th anchor is determined by
the ranging information intensity (RII), λi, which has the
following expression:10

λi = 8π2β2(1− χi)SNRi/c2, (35)

where β =



∞∫
−∞

f2|Si(f)|2df

∞∫
−∞

|Si(f)|2df



1/2

. (36)

In (35)-(36), Si(f) and β and SNRi denote the Fourier
transform and the effective bandwidth of si(t), respec-
tively, while SNRi denotes the SNR of the DP signal
component at the i-th anchor. In particular, the impact
of a large bandwidth on ranging accuracy is captured by
β. The term χi ∈ [0, 1] in (35) determines the impact of
MPC overlap due to finite time resolution (see Fig. 4).
In particular, χi = 1 corresponds to the case when the
DP cannot be resolved and thus, no range information
is available from the i-th anchor. On the other hand,
χi = 0 corresponds to the case where the DP does
not overlap with any other MPC, which results in the
most accurate range estimate. Apart from the ranging
accuracy, the anchor geometry also impacts JG(Θ) and
the SPEB [44], which is captured in (33) by the outer
product u(φi)u(φi)

T , where u(φi) = [cosφi sinφi]
T is

the unit vector in the direction of the i-th anchor, relative
to p (i.e., tanφi = (y − yi)/(x− xi)).

(b) Complete IP knowledge available: In contrast to the
previous case, this scenario usually arises when all the
obstacle locations are known exactly (e.g., in indoor
environments where the floor plan may be available [45]),
which corresponds to the case when θ is deterministic.
In this case, the SPEB also depends on the location
information contained in the IPs, in addition to the range

10The reciprocal of λi is the CRLB for an unbiased estimate of the range,
‖p − pi‖2. In other words, for an unbiased estimate, r̂i, of ‖p − pi‖2,
σ2
ri
≥ 1/λi, where σ2

ri
denotes the variance of r̂i.
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information present in the DPs. To illustrate this, suppose
the target location is estimated using only the ranges
obtained from the DPs. Using this estimate in conjunction
with the obstacle locations, the propagation paths of the
feasible IPs at each anchor can be determined, in princi-
ple, by ray-tracing. The difference between the resulting
collection of signals, denoted by {zrti : i = 1, · · · ,Ma}
and the observed signals, {zi : i = 1, · · · ,Ma}, can then
be used as the basis for refining the estimate of the target
location.

In summary, the SPEB provides a benchmark for eval-
uating the performance of algorithms that solve (20) and
(27). Although the localization problem and the SPEB were
formulated and derived directly from the received waveforms,
it can be shown that localization can be decomposed into
the following two independent steps, without any loss in
optimality [46]: (a) the ML estimation of the MPC ToAs
from the received waveforms, and (b) MAP estimation of
the target location using the ToAs/ranges estimated in (a). As
a result, there has been a lot of research that has focused
on solving each of these problems individually. In the next
section, we provide an overview of ToA estimation techniques
in the presence of multipath.

Subsequently, for MAP estimation of the target location, we
have seen above that if no prior IP information is available,
then multipath is an impediment to localization, as (a) no
further reduction in the SPEB is possible from the ToAs of
the IPs, and (b) the accuracy of the DP ToA estimation can be
corrupted by MPC overlap. Since it is sufficient to use only
the ToAs of DPs for localization, it is important to identify
the anchors having LoS to the target. This has resulted in a
number of techniques being developed for LoS detection for
both active and passive localization, which are reviewed in
Section VI. On the other hand, if complete IP information is
available in the form of an environment map, then multipath is
a blessing as the propagation path of each IP can, in principle,
be reconstructed. Specifically, each IP can be converted to a
virtual DP using simple ray optics principles, as discussed in
Section VII. Consequently, each IP contributes an additional
term to the summation in (33), which lowers the SPEB.

V. TOA ESTIMATION

In this section, we describe the impact of multipath on ToA
estimation. To begin with, consider the simple problem of
estimating the ToA of a signal, s(t), between two points, in
the presence of noise and the absence of multipath. In this
case, the received signal, y(t), can be modeled as follows:

y(t) = s(t− τ) + n(t), (37)

where τ is the ToA and n(t) is the noise process described in
Section III. In the presence of Gaussian noise, the ML estimate
of τ can be expressed as follows:

τ̂ML = arg max
τ

∣∣∣∣∣∣
∞∫
−∞

y(t)s∗(t− τ)dt

∣∣∣∣∣∣ . (38)

The above expression can be interpreted as aligning y(t) with
the template s(t) and returning the location of the best match,

determined by the maximum absolute value of the cross-

correlation function, Cys(τ) =

∞∫
−∞

y(t)s∗(t − τ)dt, as the

optimal estimate of τ . For this reason, (38) is popularly known
as the matched filter (MF) or correlation receiver.

For the multipath signal, zi(t), in Section IV, let τ i(p) =
[τi1(p) · · · τiLi(p)]T and αi = [αi1 · · · αiLi ]

T denote the
vector of MPC ToAs and amplitudes, respectively. Then, the
ML estimate of τ i(p) and αi can be expressed as follows
[47]:

τ̂ i,ML(p) = arg max
τ i

y(τ i)
HR−1i (τ i)y(τ i), (39)

and α̂i,ML = R−1i (τ̂ i,ML(p))y(τ̂ i,ML(p)), (40)

where y(τ i) ,



∞∫
−∞

zi(t)s
∗
i (t− τi1)dt

...
∞∫
−∞

zi(t)s
∗
i (t− τiLi

)dt


, (41)

Ri(τ i) =

 R
i
11 · · · Ri1Li

...
. . .

...
RiLi1

· · · RiLiLi

 , (42)

and Riab =

∞∫
−∞

si(t− τa)s∗i (t− τb)dt, a, b ∈ {1, · · · , Li}.

(43)

The expression in (39) is the extension of the MF receiver for
the multipath case. The matrix, Ri(τ i), in (42) is known as
the autocorrelation matrix of si(t), corresponding to τ i, and
is, in general, not diagonal, due to MPC overlap. As a result,
the estimation of all the ToAs are coupled and the solution
for the optimal τ i involves searching over a multi-dimensional
space, which is computationally intensive. However, if Ri(τ i)
is diagonal, then the coupling across the MPC ToAs no longer
exists and each ToA value can be estimated independently. For
this to occur, the following condition must be satisfied:

∞∫
−∞

si(t)s
∗
i (t− τ)dt = 0, ∀τ 6= 0. (44)

However, (44) is only satisfied if the width of si(t) is in-
finitesimally small, which is equivalent to si(t) having infinite
bandwidth. Since this is not practical, a suitable alternative is
to choose si(t) such that the integral in (44) evaluates to a
very small quantity, for all non-zero τ . Signals that satisfy
this condition are said to have low auto-correlation and there
exists a huge body of work on the design of such signals for
a variety of applications, including localization. However, the
mathematical principles involved in the design of these signals
is beyond the scope of this paper and the reader is referred to
[48] for a detailed exposition.

In spite of using a ranging signal with low auto-correlation,
the implementation of the MF receiver in the form given by
(39) is not always practical since the number of MPCs, Li,
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may not be known beforehand. To overcome this challenge,
the MF receiver can be implemented in an iterative manner
[49], where at first, the ToA and the amplitude of the MPC
with the highest SNR is estimated in the following manner:

τ̂ili1(p) = arg max
τ

∣∣∣∣∣∣
∞∫
∞

zi(t)s
∗(t− τ)dt

∣∣∣∣∣∣ , (45)

α̂ili1 =

∞∫
∞

zi(t)s
∗(t− τ̂ili1(p))dt, (46)

where li1 denotes the index of the MPC with the highest SNR at
the i-th anchor. In LoS conditions, the strongest MPC typically
corresponds to the DP; however, this is generally not the case
in NLoS situations. Therefore, ranging based on the ToA of
the strongest MPC produces large errors [50] and the resulting
localization MSE is far from the SPEB. The ToAs of the
other MPCs can be estimated using successive interference
cancellation; for instance, the ToA of the second strongest
peak can be estimated in the following manner, by subtracting
the strongest MPC from zi(t):

τ̂ili2(p) = arg max
τ

∣∣∣∣∣∣
∞∫
−∞

[zi(t)− α̂ili1s(t− τ̂ili1(p))]s∗(t− τ)dt

∣∣∣∣∣∣ ,
(47)

α̂ili2 =

∞∫
−∞

[zi(t)− α̂ili1s(t− τ̂ili1(p))]s∗(t− τ̂ili2(p))dt,

(48)

where li2 denotes the index of the MPC with the second highest
SNR at the i-th anchor. This iterative process can be continued
until all the MPCs are extracted11.

As seen from Section IV, when there is no prior IP
information, it is sufficient to estimate the ToA of only the first
MPC and then either use or discard the corresponding range
value for location estimation, depending on whether it is a DP
or not. In this case, a further reduction in the complexity of
the iterative MF receiver can be achieved by restricting the
upper limit of the integral in (47) to τ̂ili1(p), which results in
only the detection of any MPCs that arrive earlier than the
strongest MPC [54].

The MF receiver involves sampling the received signal at
Nyquist rates, which may require expensive clock circuitry
for wideband ranging signals. A popular sub-Nyquist ToA
estimator is based on the energy detection (ED) receiver,
which computes the energy of zi(t) every Tb seconds (where
Tb is less than the Nyquist rate 1/(2β), for β given by
(36)) and a MPC is detected if the energy in a delay bin
exceeds a threshold, ηED [55]–[58]. A detailed analysis of
ToA estimation techniques for ED receivers can be found in
[59].

11This is the principle behind the channel estimation algorithm, CLEAN
[51]. Typically, the iterative process stops when the SNR of an extracted
MPC falls below a certain fraction of the SNR of the strongest MPC. It can
be further generalized in the SAGE [52] and RiMax [53] algorithms, which
provide ML estimates of all MPC ToAs and amplitudes and even angles
of arrival and departures, when multiple observations from different antenna
elements in an array are available.

Alternately, a threshold version of the MF receiver can
be implemented, wherein an MPC is detected whenever the
magnitude of the cross-correlation function, Czisi(τ), given
in (49), exceeds a threshold. These threshold-based ToA esti-
mators are attractive due to their simple implementation and
their performance, which is threshold dependent, is analyzed
in [60].

Czisi(τ) =

∞∫
−∞

zi(t)s
∗
i (t− τ)dt. (49)

VI. LOS DETECTION

In the absence of any prior IP information, the SPEB is
solely a function of the DPs, as seen in Section IV. In this case,
the MAP and ML estimates of the target location coincide and
from (6), target localization can be reduced to a least-squares
minimization problem in the following manner:

p̂ = arg min
p

Ma∑
i=1

δ̂i(p)(cτ̂i1(p)− ‖p− pi‖)2

N0/2
, (50)

where δ̂i(p) denotes the estimate of δi(p), defined in (34).
The importance of LoS/NLoS detection is evident in (50)
and in this section, we provide a summary of the techniques
investigated in the literature to solve this problem.

A. Active Localization

After estimating the MPC ToAs and amplitudes, the channel
impulse response as seen by the i-th anchor can be approxi-
mated as follows:

ĥaci (t) ≈
Lac

i∑
l=1

α̂ac
il δD(t− τ̂acil (p)). (51)

The statistical properties of many features of ĥaci (t) (e.g., total
received power, mean excess delay etc.) vary depending on
the existence (or the lack thereof) of LoS between the i-th
anchor and the target; for instance, the total received power
is relatively lower in NLoS scenarios, in general. This is the
basis of a number of LoS/NLoS detection techniques reported
in the literature. In general, let γi = [γi1 · · · γiN ] denote a
vector of features extracted from ĥaci (t). Then, the following
tools can be used to detect LoS/NLoS:

1. Hypothesis testing: In this case, the LoS/NLoS detection
problem can be cast as a likelihood ratio test in the
following manner [61]:

f(γi|δi(p) = 1)

f(γi|δi(p) = 0)

LoS
≷

NLoS
ε, (52)

where ε is a suitable threshold (e.g., for Bayesian hy-
pothesis testing, ε = P(δi(p) = 0)/P(δi(p) = 1),
where P(δi(p) = 1) and P(δi(p) = 0) denote the prior
LoS distribution between the i-th anchor and p [27]).
Typically, the conditional pdfs of γi under LoS and NLoS
conditions are obtained by fitting a suitable distribution
to measurement/simulation data. However, since multi-
dimensional pdfs are hard to estimate, a common, but
unrealistic, assumption in the literature is to assume
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that the different features are statistically independent,
in which case (52) reduces to the following rule:

N∏
j=1

f(γij |δi(p) = 1)

f(γij |δi(p) = 0)

LoS
≷

NLoS
ε. (53)

2. Non-parametric techniques: In this case, a portion of
the measurement data is used to train a non-parametric
classifier, such as a support vector machine (SVM) or an
artificial neural network (ANN), for detecting LoS/NLoS.
An advantage of this approach is that the statistical
dependence among the features is inherently captured.

Some of the common signal features that have been used
for LoS/NLoS detection are:

a) Mean excess delay: It is an indicator of how quickly the
signal decays after the MPC corresponding to the LoS
path. A small value is indicative of LoS conditions.

τm =

 ∞∫
−∞

t|ĥaci (t)|2dt

/ ∞∫
−∞

|ĥaci (t)|2dt

 . (54)

b) Root mean square (RMS) delay spread: This metric is
the standard deviation of the excess delay, relative to the
LoS component and like τm, a small value is a strong
indicator of LoS.

τrms =

 ∞∫
−∞

(t− τm)2|ĥaci (t)|2dt

/ ∞∫
−∞

|ĥaci (t)|2dt

.
(55)

c) Amplitude kurtosis: This is a measure of the peakiness
of |ĥaci (t)|, with a large value being indicative of LoS
conditions.

κ|ĥac
i |

=
E[(|ĥaci (t)| − µ|ĥac

i |
)4]

σ4
|ĥac

i |
, (56)

where µ|ĥac
i |

and σ|ĥac
i |

denote the mean and standard

deviation of |ĥaci (t)|.
d) Total received power:

P ac
r =

∞∫
−∞

|ĥaci (t)|2dt. (57)

e) Maximum signal amplitude:

hacmax = max |ĥaci (t)|. (58)

f) Rise time: A small rise time is strongly correlated with
the presence of LoS.

trise = tH − tL, (59)

where tL = min{t : |ĥaci (t)| ≥ µLσn} (60)

and tH = min{t : |ĥaci (t)| ≥ µHhacmax}. (61)

For suitably chosen scaling factors, µL(> 1) and µH(<
1), tL denotes the earliest instant when the magnitude
of ĥaci (t) exceeds the noise floor (given by the standard
deviation of the noise, σn =

√
N0β) by a factor of µL.

Similarly, tH denotes the earliest instant when the mag-
nitude of ĥaci (t) reaches a fraction, µH , of the maximum
signal amplitude, hacmax.

g) ToA of the first MPC:

τ̂aci1 (p) =
2

c
‖p− pi‖2 + ni, where ni ∼ N (0, N0β).

(62)

We now present a summary of the significant results on the
LoS/NLoS detection problem:

1) Hypothesis Testing:

• In [62], [63], κ|ĥac
i |

, τrms and τm were used as features
and their pdfs were found to be well approximated by the
log-normal distribution, with different parameters for the
LoS and NLoS cases, based on the histograms generated
from realizations of the IEEE 802.15.4a channel model.
Similarly, in [64], κ|ĥac

i |
, τrms and hacmax were each fitted

to a log-normal distribution, based on measurements
conducted in an indoor residential environment.

• In [65], the features used were τm, P ac
r and a hybrid

metric, ξhyb = −P ac
r τm. Based on extensive simulations

in an indoor office environment, τm was modeled as
a normal random variable, with a different mean and
variance for the LoS and NLoS cases, while the pdfs
of P ac

r and ξhyb were each approximated by a Weibull
distribution, again with different parameters for the LoS
and NLoS cases.

• In [66], P ac
r , τrms and τ̂aci1 (p) were considered. Based

on an extensive measurement campaign, τ̂aci1 (p) was
modeled as a Gaussian random variable for the LoS
case, and as a Gaussian-exponential mixture for the NLoS
case (this model for τ̂aci1 (p) has also been considered in
[62], [63], [67]), while the pdfs of P ac

r and τrms were
approximated by a log-normal and a one-sided Gaussian
distribution, respectively, with different parameters for
LoS and NLoS cases. In particular, the authors claim that
τrms is relatively more effective at detecting LoS/NLoS
than the other two features.

• In [68], LoS detection techniques for the ED receiver
were investigated. For a collection of energy samples,
features such as sample variance, sample skewness and
maximum sample amplitude were found to be highly
correlated to the existence of LoS.

2) Non-parametric Techniques:

• In [69], τrms and κ|ĥac
i |

were used for LoS/NLoS de-
tection, but instead of fitting their distributions to a
parametric pdf, a portion of the measured signals was
used as training data to obtain empirical pdfs for τrms

and κ|ĥac
i |

under both LoS and NLoS conditions, which
were then used to implement the likelihood ratio test,
given in (52)-(53).

• Similarly, in [70], the pdf of τ̂aci1 (p) was empirically
obtained using Parzen window estimation and its distance
to a normal distribution, measured in terms of Kulback-
Liebler (KL) divergence, was used as a criterion for
determining LoS/NLoS.

• In [71], SVMs were trained for LoS identification using
κ|ĥac

i |
, τrms, τm, P ac

r , trise, haci,max and τ̂aci1 (p) as the
features, and in [72], regression based on SVMs and
Gaussian processes were used on the same features to
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additionally estimate the excess delay, baci1 , in the case of
NLoS and mitigate the ranging error.

• In [73], τm, P ac
r and a hybrid metric, ξhyb = −P ac

r τm
were used as features, similar to [65]. However, in-
stead of a likelihood ratio test, LoS/NLoS detection was
performed using an ANN where the inputs were the
likelihood ratios of the features.

In addition to the above techniques, the weighted-least
squares formulation in (50) has also been used as the basis for
an alternate class of LoS/NLoS detection techniques involving
τ̂aci1 (p). It is easily seen that (50) is a special case of the
following problem:

p̂wls = arg min
p

Ma∑
i=1

wi(cτ̂
ac
i1 (p)− ‖p− pi‖)2, (63)

where wi is the weight assigned to the ToA measurement from
the i-th anchor. In particular, if all the weights are equal to one
and the i-th anchor has LoS to the target, then the i-th residue,
(cτ̂aci1 (p)−‖p̂wls−pi‖)2, is a random variable with a central
chi-squared distribution. On the other hand, if the i-th anchor
does not have LoS to the target (i.e., τ̂aci1 (p) corresponds to
an IP), then the i-th residue has a non-central chi-squared
distribution. This principle was used in [74] to jointly identify
the LoS anchors and localize the target. Similarly, in [75], the
median of the residues was used as a metric to identify the
NLoS anchors. Rather than using (52) and (53) to make a hard
decision on the presence of LoS/NLoS, the likelihood ratios
can alternately be used as weights in (63). As a result, anchors
having LoS to the target have larger weights than those that are
in NLoS condition. This approach was considered in [62], [63]
and [76], where instead of likelihood ratios, the ratio between
the energy of the first MPC (i.e., |α̂ac

i1 |2) and that of strongest
MPC (i.e., |hacmax|2) was used for the weights.

For equally weighted measurements, an efficient solution
to (50) or (63) that is robust to IPs and does not require
prior NLoS detection was proposed in [77], [78], based on the
principle of projecting on to convex sets, while an alternative
approach based on semi-definite programming (SDP) was
investigated in [79]. On the other hand, if LoS detection
is done beforehand, then the NLoS measurements can be
used to restrict the feasible region for the target location, as
demonstrated in [80], where (63) was cast as a linear program,
by replacing the sum of squared errors in the objective function
with the sum of absolute errors instead. For the special case
when the target lies within the convex hull of the anchors, a
distributed algorithm based on Caratheodory’s theorem [81]
was proposed in [82]. For a comprehensive survey of the
techniques developed to solve (50), we refer the reader to [83].

B. Passive Localization

For the passive localization of a single target, the afore-
mentioned LoS/NLoS detection techniques can still be used.
However, these techniques are not very effective when multiple
targets are present, since the estimated impulse response,
ĥpai (t), can have both LoS and NLoS characteristics, depend-
ing on the number of targets in LoS and NLoS conditions,
with respect to the i-th anchor. Since the number of targets is

TX Array

RX Array

Target

DP

Fig. 5: For DPs, the estimates (x̂ToA/AoA, ŷToA/AoA),
(x̂ToA/AoD, ŷToA/AoD) and (x̂AoD/AoA, ŷAoD/AoA) cluster
around the true target location whereas, for IPs, these estimates
are far apart.

typically unknown (e.g., number of intruders in a building),
passive localization involves the following steps:

• Identifying the number of targets from {zpai (t) : 1 ≤ i ≤
Ma}.

• If multiple targets have been detected, then identifying
the MPCs corresponding to each target (i.e., data associ-
ation).

• Detecting the presence of LoS/NLoS for each target-
anchor pair.

• Localizing each target using the DPs corresponding to it.

Fortunately, these steps can be carried out jointly. The main
principle that is exploited is that the DPs corresponding to a
particular target intersect at a point (i.e., the target location),
whereas the IPs, in general, do not. The following two cases
have been investigated in the literature, which are described
below:

1. For a distributed MIMO radar, where each TX and RX is
equipped with an antenna array [84]:
In this case, the angle-of-departure (AoD) at the RX
and the AoA at the TX can be estimated, in addition
to the ToA, for each MPC. It is easily seen that an
estimate of the target location can be obtained using
any two of these three quantities, as shown in Fig.
5. This gives rise to three location estimates, denoted
by (x̂ToA/AoA, ŷToA/AoA), (x̂ToA/AoD, ŷToA/AoD) and
(x̂AoA/AoD, ŷAoD/AoA), where the notation indicates the
pair of quantities used in obtaining each estimate. If these
three points are close together, then it is highly likely that
the MPC in question is a DP. Otherwise, the MPC is a
likely to be an IP. For a DP detected in this manner,
an estimate of the target location can be obtained by a
weighted linear combination of (x̂ToA/AoA, ŷToA/AoA),
(x̂ToA/AoD, ŷToA/AoD) and (x̂AoD/AoA, ŷAoD/AoA).

2. Each anchor is equipped with only one antenna [32],
[85]:
In this case, the angular information contained in an
MPC cannot be estimated unambiguously and therefore,
only the ToA values are used for joint LoS detection
and localization. This is done in an iterative manner,
as illustrated in Fig. 6. Suppose, for Anchors 1 and 2,
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the received signals ypa1 (t) and ypa2 (t) contain two and
one MPCs, respectively. Initially, all circle intersections
corresponding to pairs of MPCs from the first two anchors
are considered to be prospective target locations (e.g., q1

through q4 in Fig. 6a), and at each such point q, we
define a blocking likelihood based on the joint distribution
of {δi(q) : i = 1, 2}, which captures the likelihood that
there exists a target at q and the circles passing in its
vicinity represent DPs to it. The blocking likelihood is
an environment specific prior that represents probabilistic
multipath information; specifically, regarding the exis-
tence of LoS/NLoS, which can be obtained either from
measurements or mathematical models [86], [87], or a
combination of both. Suppose, for Anchor 3, ypa3 (t) also
contains a solitary MPC and its ToA circle passes through
the vicinity of q1. In this case, we do not immediately
conclude that a target exists at q1, but merely update
the blocking likelihood of q1, as shown in Fig. 6b.
Similarly, the presence of a target at q2 is not ruled
out, but its blocking likelihood is updated to reflect the
hypothesis that the DP from the third anchor is blocked.
In addition, the newly created circle intersection points
(e.g., q5 through q8) are also treated as potential target
locations, and their blocking likelihoods are computed
as well. This iterative process continues until the MPCs
from all the anchors have been taken into account. During
this process of storing and updating the likelihoods of
all circle intersections, a point is eliminated as a target
location if its blocking likelihood exceeds a threshold,
µ, at any stage. The points that survive in the end are
the estimated target locations and the circles that pass
through their vicinity represent the DPs, from which the
existence of LoS/NLoS for each anchor-target link can
be inferred.

Finally, although the techniques discussed in this subsection
were developed specifically for passive multi-target localiza-
tion, it is evident that they are applicable for active localization
as well.

VII. EXPLOITING MULTIPATH

We now discuss how IPs can be used to improve the
localization accuracy, by means of a simple example [88], [89].
Consider an environment consisting of a single anchor having
LoS to a target, as shown in Fig. 7. In addition to the DP,
suppose that the anchor also receives four IPs corresponding to
single-bounce reflections off each of the four walls enclosing
the anchor and the target. In this case, the target cannot be
localized using the DP alone. However, it can be observed
that the IP via Wall 1 has the same ToA as that of a DP from
a virtual anchor (VA) on the other side of Wall 1. On repeating
the same process for the remaining walls, it is easily seen that
there are a sufficient number of (real or virtual) anchors to
localize the target unambiguously. The positions of the VAs
can be easily obtained if the location of the walls are known.

While we only considered single-bounce specular IPs for the
sake of simplicity, this principle can be extended to other kinds
of IPs, involving multiple reflections as well as diffraction

Anchor 1

Anchor 2

(a) Any intersection of two ToA circles is considered a potential target
location and the blocking likelihood of one such point, q1, is shown.
Similar expressions can be derived for q2 through q4, as well.

Anchor 1

Anchor 2

Anchor 3

(b) The blocking likelihoods of existing points (like q1 and q2)
are updated every time a new ToA circle is considered. Similarly,
blocking likelihoods for newly created points (e.g., q5 and q6) are
evaluated, as well. The likelihood expressions for the other points
have been omitted due to lack of space.

Fig. 6: Iterative algorithm for passive multi-target localization.

off corners [31][90] and scattering off rough surfaces [91]. In
general, if the map of the environment is known (including
the material properties of the obstacles), then the propagation
path of any IP can, in principle, be determined, which in turn,
renders it equivalent to a DP. As a consequence, it is possible
to accurately localize and track targets in NLoS conditions, as
well [92], [93].

Although the motivation in [89] was to localize a target
using only one real anchor, the VA principle is useful even
when there are enough real anchors available for localization,
since each virtual DP adds an additional term to the summation
in (33), thereby increasing the overall ranging information
[94]–[96]. To illustrate this, consider a 10m × 10m square
room, where a single target is distributed uniformly and
anchors are distributed according to a homogeneous Poisson
point process [97], independent of the target location. For a
given realization, we consider the real anchors, as well as
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VA

Target

Anchor

VA

Wall 4

Wall 1
Wall 3

Wall 2

Fig. 7: If the location of the obstacles are known, then the IPs
can be converted to DPs from VAs using ray-optics principles.
In the above figure, VAs corresponding to Wall 1 and Wall 4
are shown. VAs corresponding to the other two walls can be
obtained in a similar manner.

VAs due to single bounce reflections, as shown in Fig. 7. To
cover the spectrum from none to full multipath knowledge,
we model the uncertainty in the VA locations as a zero-
mean Gaussian random variable with variance σ2

VA
12. Thus,

σ2
VA = 0 represents the case when the map of the environ-

ment is known exactly, while σ2
VA = ∞ corresponds to the

case when no multipath information is available. From (35),
the RII, λ, of a real anchor can be expressed as SNR/σ2,
where σ = c

√
1− χi/(2

√
2β) can be interpreted as the

standard deviation of the ranging error at unit SNR. Using
this interpretation, we model the RII of a virtual anchor as
λ = SNR/(σ2 + σ2

VA). For the SNR, we assume an inverse-
square law pathloss model, i.e., SNR = (d0/d)2, where
d0 = 1m is a reference distance and d denotes the range.
For this model, the cumulative distribution function (cdf) of
the SPEB is plotted in Fig. 8, for varying σVA. We observe
that even for σVA = 3σ, the 80th percentile of the SPEB
reduces by a factor of 1/2, relative to the case where multipath
is not exploited (i.e., σVA = ∞). While the gains due to
multipath exploitation depend on a number of factors, such
as the number of anchors deployed, environment geometry,
SNR etc., this toy example serves to illustrate the potential
benefits of even partial multipath information. In general, ray
tracing can be used to predict the performance of multipath-
assisted localization for a given environment geometry [98].

A. Multipath assisted Tracking Algorithms

In recent years, there has been a lot of progress in the de-
velopment of localization and tracking algorithms that exploit
multipath information [90], [94], [99]–[106]. Many of these

12This is equivalent to modeling the uncertainty in the wall positions as a
zero-mean Gaussian random variable with variance σ2

VA/4.
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Fig. 8: To evaluate the SPEB, a distance-dependent SNR
model is assumed. For the i-th anchor, SNRi = d−2i /σ2 if it is
a real anchor. Otherwise, for a VA, SNRi = d−2i /(σ2 +σ2

VA).
σ was chosen to be 0.01m.

Algorithm 1 Template of Multipath assisted Tracking

Define state vector, state evolution and the measurement
model
Initialize state vector at t = 0.
for each t do

Perform data association
Update target position(s) using the EKF or a PF

end for

algorithms follow a common template, given by Algorithm 1,
which we briefly describe using the example in Fig. 7.

1) State vector, State evolution and the measurement model:
A state-space approach is commonly used for navigation and
tracking problems, where we distinguish between two distinct
cases that influence the structure of the state space:
• Map of environment known: In this case, the state vector,

denoted by x(t), typically consists only of the variables
capturing the target trajectory, i.e., x(t) = [p(t) ṗ(t)],
where ṗ(t) = [v

(t)
x v

(t)
y ] denotes the instantaneous veloc-

ity at time slot t.
• Map of environment unknown: In this case, the VA

locations can also be included in the state vector, along
with the target related variables. The estimation of VA
locations is akin to inferring the map of the environment,
which is the well-known simultaneous localization and
mapping (SLAM) problem [107]–[109]. A number of
recent works have focussed on multipath-assisted SLAM
[90], [100], [102], [103], [106], [110], [111].

For both cases, a linear Gaussian Markov model is a common
assumption for the evolution of x(t) with respect to t, which
can be described as follows:

x(t) = Fx(t−1) + n(t), (64)
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where n(t) ∼ N (0,Q(t)) denotes the observation noise vector
at time t. For the example in Fig. 7, F has the following
structure, assuming constant velocity between successive time
slots:

F =

[
I2 ∆tI2
02 I2,

]
, (65)

where ∆t is the slot duration. Similarly, in multipath-assisted
SLAM problems, the VA locations are typically stationary;
hence, the submatrix in F governing the evolution of the VA
locations equals the identity matrix13. For the measurement
model, let Na ≥ Ma denote the total number of anchors,
where pMa+1, · · · ,pNa denote the VA locations. The mea-
sured signal, zi(t), at the i-th anchor (i = 1, · · · , Na) can be
simplified as follows:

zi(t) = αisi

(
t− 2

c
‖pi − p(t)‖

)
+ ηi(t). (66)

Since zi(t) is a non-linear function of p(t), the measurement
vector z(t) = [z

(t)
1 · · · , z

(t)
Na

]T , consisting of the vector
representations z

(t)
i of zi(t), can be expressed in terms of the

state vector, x(t), by some non-linear vector function h(·), as
follows:

z(t) = h(x(t)) + w(t), (67)

where w(t) ∼ N (0,R(t)) denotes the additive noise vector at
time t.

2) Data Association: Before estimating p(t) from (64)
and (67), it is important to map the received MPCs to the
corresponding VAs. This is especially challenging in SLAM
problems, where the VA locations also need to be estimated
as part of the state vector. Furthermore, the total number of
anchors (real and virtual) may not always equal the number
of observed MPCs, due to blockage or low SNR. Apart from
the iterative method described in Section VI-B, additional data
association techniques have been studied in [112]–[115].

3) Location updates using the EKF or a PF: As shown
in (28), estimating x(t) involves the estimation of the pos-
terior distribution, f(x(t)|z(1:t))14. For linear Gaussian state
and measurement models, f(x(t)|z(1:t)) is also Gaussian and
thus, completely characterized by its mean vector, m(t), and
covariance matrix, P(t), which are iteratively estimated by the
Kalman filter. However, since the measurement model given
by (67) is generally non-linear in x(t), f(x(t)|z(1:t)) need not
be Gaussian. However, the EKF approximates f(x(t)|z(1:t))
as a Gaussian, with mean m̂(t) and covariance matrix P̂(t),
by linearizing (67) about x̂t using a first-order Taylor series
expansion [116], as given below:

Ĥ(x(t)) =
[

∂
∂x(t) h(x(t)) · · · ∂

∂v
(t)
y

h(x(t))
]
, (68)

where the columns of Ĥ(x(t)) are the partial derivatives
h(x(t)) with respect to the components of x(t). The recursive

13The VAs are stationary only when the anchor locations are fixed. In
a cooperative localization setting where there are no dedicated anchors and
thus, tracking and mapping are carried out with the help of target-to-target
communications, the VAs follow a trajectory, symmetric to the targets. This
can also be suitably modeled in F, as well.

14The MAP estimate of x(t) is the mode of f(x(t)|z(1:t)).

update equations for m̂(t) and P̂(t) are provided in Algo-
rithm 2.

On the other hand, a PF approximates f(x(t)|z(1:t)) by a
discrete distribution, supported on Ns particles {x(t)

i : i =
1, · · · , Ns}, as follows [116]:

f(x(t)|z(1:t)) ≈
Ns∑
i=1

w
(t)
i δ(x(t) − x

(t)
i ), (69)

where δ(.) denotes the discrete delta function and∑Ns

i=1 w
(t)
i = 1. The accuracy of (69) is a function of

Ns, the choice of particles {x(t)
i : i = 1, · · · , Ns} and their

weights (probabilities) {w(t)
i : i = 1, · · · , Ns}. A number of

PF variants have been analyzed in the literature, which vary
in their choice of particles and weights. A relatively simple
variant for ToA-based tracking is the sequential importance
sampling (SIR) PF, which is described in Algorithm 3. For
a more detailed mathematical treatment of other PF variants
along with implementation issues, we refer the reader to
[116].

Algorithm 2 EKF for ToA-based tracking

for each t do
m(t|t−1) = Fm̂(t−1) . Predicted value of m̂(t)

P(t|t−1) = Q(t−1) + FP(t−1)FT . Predicted value of
P̂(t)

m̂(t) = m(t|t−1) + K(t)(z(t) − h(m(t|t−1))) . Update
step to obtain m̂(t)

P̂(t) = P(t|t−1) −K(t)Ĥ(m(t|t−1))P(t|t−1) . Update
step to obtain P̂(t)

where K(t) = P(t|t−1)(Ĥ(m(t|t−1)))T (S(t))−1

and S(t) = Ĥ(m(t|t−1))P(t|t−1)(Ĥ(m(t|t−1)))T +R(t)

end for

Algorithm 3 PF for ToA-based tracking

for each t do
for i = 1 : Ns do

Generate

x
(t)
i ∼ f(x(t)|x(t−1)

i ) = N (Fx
(t−1)
i ,Q(t))

w
(t)
i = f(z(t)|x(t)

i )

=
exp[−(z(t) − h(x

(t)
i ))T (R(t))−1(z(t) − h(x

(t)
i ))]

(2π)N/2(det(R(t)))1/2

end for

w
(t)
i = w

(t)
i /

Ns∑
i=1

w
(t)
i

end for

The benefits of multipath exploitation are not restricted
to ToA-based localization alone. The VA principle was em-
ployed in [117], [118] to analyze the accuracy gain for
AoA-based localization, while a similar analysis was carried
out for joint ToA/AoA based localization in [119], [120].
Multipath-assisted RF fingerprinting was investigated in [121],
[122], while the feasibility of localization using the phase
of the MPCs (as opposed to just their delays) was studied
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in [123]. Finally, the concept of multipath exploitation has
found widespread use in radar imaging as well, which can be
viewed as a special case of joint AoA/ToA-based localization.
In imaging applications, a beam is transmitted by an antenna
array (real or virtual) in a number of directions and the
presence as well as proximity of a target in a given direction is
determined by the round-trip time of the DP component, which
is mapped to a pixel value in the radar image. In through-the-
wall radar imaging (TWRI) applications, apart from the DP
component, there are IPs from reflections off other walls as
well, which manifest themselves as ghost images around the
vicinity of the walls, leading to high false alarms. Since the
location of a ghost image is a function of the target and anchor
positions, as well as the surrounding geometry, a number of
recent works have focused on techniques to associate ghost
images with the true target locations, which serves the dual
purpose of eliminating false alarms and improving the signal
to clutter ratio by signal averaging [124]–[135].

Finally, while specular MPCs contain useful location in-
formation, the received signal at an anchor may also contain
diffuse MPCs, which are typically caused by scattering of
rough surfaces [112], [113]. Unlike specular MPCs, the diffuse
MPCs are, in general, not resolvable and act as interference
in estimating the ToAs of the specular MPCs. Diffuse MPCs
can be treated as the superposition of multiple irresolvable
independent and identically distributed signal returns; hence,
the central limit theorem can be invoked to model them as a
colored Gaussian process [136], [137]. The impact of diffuse
multipath on the localization accuracy was analyzed in [136].

VIII. CONCLUSION

In this paper, we provided a survey of the existing literature
on the impact of multipath on the accuracy of ToA-based
localization. To provide a common framework in which to
understand the different works, we first formulated target
localization as an MAP estimation problem, where the distri-
bution of the amplitudes and delays of the IPs acts as a prior.
Under this framework, we defined the SPEB, which provided
a lower bound on the achievable accuracy and depended,
among other things, on the extent of prior knowledge about
the multipath statistics. In particular, in the absence of any IP
information, it was shown that only the DPs contain useful
location information and multipath is in fact, a hindrance
to accurate localization. On the other hand, if complete IP
information is available (i.e., the propagation paths of all
MPCs are known), then each IP is equivalent to a direct path
from a VA and hence, multipath is a blessing, as the spatial
diversity it offers can be exploited to improve the localization
accuracy. However, as seen in Section VI-B and Section VII,
even partial multipath information, whether in terms of the
blocking likelihood or an uncertainty in the VA locations, can
still be useful in deriving better algorithms and performance
bounds for localization systems.
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