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Abstract—Neighbor Discovery (ND) is an essential prerequisite
for any peer-to-peer communication. In general, minimizing the
discovery time is the goal for ND schemes. In this work we
study the average discovery time for directional random ND
when nodes have prior information about their set of possible
neighbors, which also helps identifying the performance limits of
random ND schemes. Typically, discovery time analysis is done
for assumptions that simplify the network structure, such as
uniform neighbor relations for all nodes. However, with prior
information the directional transmission probabilities depend on
the node and the direction. This complicates the analysis of the
expected discovery time.

We first provide a closed-form expression for the expected dis-
covery time based on the non-uniform coupon collector problem.
Next, we identify directional transmission probabilities of each
node that achieve a small discovery time. Due to the mathematical
complexity, we provide a lower and an upper bounds on the
expected discovery time, which allows to write the problem
as a convex optimization problem. Through simulations, we
demonstrate the performance gain due to prior knowledge with
the proposed methods as compared to when no prior information
is available, as well as the impact of uncertainty in the prior
knowledge.

Index Terms—neighbor discovery, dual band, mm-wave, device
to device, D2D, ad hoc, non-uniform coupon collector, peer to
peer.

I. INTRODUCTION

In peer-to-peer (P2P) communication, wireless nodes trans-
mit the data packets directly between nodes, without detour
via the infrastructure. This provides flexibility and low energy
consumption. It further can provide high spectrum efficiency,
which improves the sum rate capacity in the network. For these
reasons, P2P has been studied extensively for many years,
and is used whenever dedicated infrastructure is either too
expensive (often in sensor networks), impractical to deploy
(e.g., military communications), or not spectrally efficient (ad
hoc communications in wireless LANs). Furthermore, recent
system designs have found the combination of infrastructure-
based transmission of control information with P2P based pay-
load communications to be both robust and very spectrally effi-
cient. Consequently, the Third-Generation Partnership Project
3GPP has added this communication model, under the name
of device-to-device (D2D) [1], [2], as one feature in LTE-
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Advanced, and also will make it a part of the next generation
mobile networks (5G) [3].

However, setting up and scheduling a direct communication
link between two nodes requires that such a link has sufficient
channel quality (low attenuation); nodes that fulfill this con-
dition and thus can effectively communicate with each other
are called ”neighbors”. To identify these high quality links,
nodes have to perform neighbor discovery. In case nodes are
equipped with adaptive directional antennas, they furthermore
need to determine the required beam direction to communicate
with a neighbor.

In a typical neighbor discovery process, at every time
instant, an active node acts as a transmitter or a receiver. When
a node is in transmission mode, it transmits its unique identifier
(ID) over the wireless channel. Nodes that successfully receive
the ID are considered neighbor nodes associated with the
received ID. The neighbor discovery process needs to be
repeated over several time slots, due to half-duplex constraint
of the transceivers, the presence of a sleeping mode of the
nodes, and the possible interference from other nodes. An im-
portant class of discovery algorithms are random algorithms,
where each node randomly selects the time and direction of
transmission (see Sec. II for more details); this category is the
center of our work.

Typically, the goal for neighbor discovery schemes is to
minimize the time required for nodes to discover their neigh-
bors. Modeling the required time for neighbor discovery is
thus of a prime importance, as insight into its dependence
on system parameters allows to find schemes that accelerate
network initialization and reduce energy consumption. Fur-
thermore, the theoretical formulation of the discovery time,
possibly for simplified models, provides a benchmark that may
facilitate development of complex schemes.

In addition, in several cases, nodes might have prior in-
formation about their neighbors. This information can be
used to improve the neighbor discovery process. The prior
information could be available through assistance of a base-
station (BS) [4] [5], cooperative discovery schemes, prior
neighbor discoveries and several other means. Dual band
systems [6] are an interesting example where prior information
could be available; the most practically important case is where
nodes use both the microwave and millimeter-wave (mm-
wave) bands.1 This raises challenges in neighbor discovery.

1In fact, it is expected that service providers, in the next generation wireless
networks, will add mm-wave links to the current (licensed or unlicensed)
microwave bands [3]. Note that we use ”microwave” as shorthand for ”sub -
6 GHz” and ”mm-wave” for ”above 6 GHz”.



Since the propagation characteristics in the two bands are
correlated but not identical, neighbor relations in the two bands
could be different. An efficient resource utilization needs to
exploit the finite correlation between the bands.

The neighbor discovery problem has been addressed ex-
tensively in the literature. Neighbor discovery schemes can
be classified depending on how nodes choose their transmis-
sion decisions: (i) deterministic, (ii) random or (iii) partially
random. In deterministic schemes nodes follow predefined
sequences, such as specific on-off patterns in single antenna
systems [7], or given sequences to scan the different directions
in multi antenna systems [8], [9]. In random schemes, nodes
choose the transmission states randomly, a famous example is
the birthday protocol [10]; furthermore in multi-antenna (adap-
tive beamforming) systems, nodes randomly choose the beam
directions and transmission states with predefined probabilities
[11]. In partially random schemes, a combination of random
and deterministic techniques are used, for instance nodes may
sequentially scan all directions and choose their transmission
state at random [12]. Although deterministic and partially
random schemes may outperform fully random schemes in
a number of scenarios, in this work we consider random
schemes, since random schemes are a class of algorithms
widely investigated in the literature, and in many cases they
offer relative simplicity and have good scaling capabilities.

Random neighbor discovery schemes can be further sub-
categorized depending on the handshaking procedure: (i) one-
way neighbor discovery, where nodes assume no handshaking
procedure is used, (ii) two-way handshaking, where a feedback
is transmitted in response to a successful discovery, and (iii)
three-way (or more) handshaking procedure, where the feed-
back and confirmation are exchanged between the transmitter
and the receiver, see [8]. Although the schemes (ii) and (iii)
incur longer time-slots, they can reduce the discovery time due
to the adaptive nature of the schemes. The scheme (i) could
be viewed as the basic and the ”natural” random neighbor
discovery scheme, where system requirement and algorithm
design are relatively simple.

In this paper, we study the expected discovery time for ran-
domized directional one-way neighbor discovery when prior
information is available. With prior information, nodes can
have different transmission and beam-steering probabilities,
which results in a generalized and mathematically challenging
multivariable model for expected discovery time. We assume
the knowledge of supersets of each node’s neighbors. Although
this assumption seems an idealization of some practical sce-
narios, it could be reasonable for the cases mentioned earlier,
such as BS assisted and dual band systems. The superset
assumption is reasonable in the latter case due to the channel
attenuation characteristics of the two bands [13]. Nevertheless,
the proposed model and bounds in this paper hold true for
any one-way neighbor discovery scheme. Note that when
no prior information is available, the analysis provides the
ultimate performance limits of such randomized schemes.
Furthermore, we will consider the impact of uncertainty in the
prior knowledge (relaxing the superset assumption) in Sec. V.

A. Related Work

Several other works have analyzed the expected discovery
time, [8], [14]–[19], however, network models and neighbor
discovery techniques and other assumptions are significantly
different from our work. Refs. [14]–[17], [19], use the clique
assumption to derive the expected discovery time, i.e., that
every node and its neighbor constitute a clique such that
each node is a neighbor to all other nodes in the clique.
As a result, all nodes transmit with equal probability. Other
work, e.g., [8], [18], use an equivalent assumption, namely
that all nodes use equal transmission probability. This is
reasonable for a uniform neighbor relation for all nodes, i.e.,
nodes have equal number of neighbors in all directions.2 Refs.
[14], [15], [17]–[19] consider single antenna systems. Ref.
[8] considers beam-steering capabilities of nodes, but assumes
uniform probabilities for steering the beams into different
directions. In reality, with the prior information assumption,
the transmission probability and beam-steering probabilities
need not be the same. In addition, the neighbor discovery
schemes considered in [8], [15], [19] consider handshaking
and collision detection procedures, while the work in this paper
is based on a one-way neighbor discovery model. [16] offers
a similar approach to our work, as it derives the expected
discovery time for multi-antenna one-way (in addition to two-
ways) schemes, however, it uses the simplifying assumption
of uniform transmission probabilities and beam-steering prob-
abilities for one-way schemes, as a result the analysis are not
applicable to the problem at hand.

Other papers minimize the discovery time by maximizing
the probability of success [11], or number of discovered links
in a time slot [10]. Thus no explicit expression of discovery
time is required. These methods work in a network with equal
and uniform probability of success, which is not the case in
our setting.

The dual band communication scenario can also be viewed
as an example of multi-channel communication. Several
schemes addressed the multi-channel neighbor discovery, how-
ever, the basic assumptions are substantially different. For in-
stance, [20] and [21] provide discovery time analysis based on
the clique assumption. Furthermore, some suggested schemes
assume discovery over phases and dynamic transmission prob-
ability. In addition, they consider perfect neighbor relations
over the frequencies. [22] considers the problem where every
node exists in a subset of the frequencies and a node can
transmit and receive in a single frequency at a time. The
transmission probabilities in [22] are designed based on the
degrees of the nodes, which could be different for different
nodes. Yet the time analysis is based on the pre-specified
probabilities of transmission and using bounds on probability
of success. Additionally, the schemes aim to discover the nodes
in all frequencies, where nodes switch between the frequencies
uniformly at random. However, in the envisioned neighbor
discovery scenario in the dual band example, nodes are aware
of neighbors in the microwave band and need to discover

2Thus, the term uniform neighbor relation here and throughout the paper
also indicates a uniform or isotropic structure of the network.



their neighbors in the mm-wave band, thus no switching is
necessary.

The network assisted neighbor discovery problem in D2D
was mainly addressed in the context of current and future
technologies. For instance [23] and [24] discuss how to
efficiently integrate the D2D neighbor discovery with the LTE-
Advanced systems. Thus the neighbor discovery models and
the provided analysis are different from the current work.

Finally, our work in [6] considers the neighbor discovery in
dual band systems, where we developed a distributed scheme
that depends on the local expected discovery time. However,
no analysis of the expected discovery time or impact of prior
neighbor information is given.

B. Contribution

The assumption of uniform neighbor relation of all nodes
becomes invalid under prior neighbor information assumption.
Intuitively, with prior information, the transmission and beam-
steering probabilities could be different for different nodes.
In this work we tackle three main questions related to the
expected time for one-way directional neighbor discovery
schemes: (i) how to model it, (ii) how to optimize it, and (iii)
how the first two are impacted by a probabilistic uncertainty
on the prior knowledge. The answers to these questions are
also related to any one-way neighbor discovery scheme.

In summary, the contributions of this paper are as follows:

• We formulate the expected discovery time with prior
neighbor information as a non-uniform coupon collector
problem.

• Due to the mathematical complexity, we provide an upper
and a lower bound on the expected discovery time.

• Based on the lower and upper bounds, we develop two
convex optimization metrics to minimize the expected
discovery time in the network.

• We extend the analysis to utilize the prior information
with probabilistic uncertainty.

C. Paper Organization

The remainder of the paper is organized as follows: Section
II introduces the system model with some possible implemen-
tation examples and the key parameters in the randomized
schemes, namely the probability of successful discovery; we
also discuss different objective functions related to discovery
time. Section III formulates the expected discovery time as a
non-uniform coupon collector problem, and provides an upper
and a lower bounds for the expected discovery time. Section
IV, based on bounds, proposes two metrics for expected
discovery time minimization. Section V extends the model of
Section II by introducing uncertainty to the prior information.
Section VI provides extensive simulation results to illustrate
the performance of the proposed optimization techniques, the
one-way neighbor discovery [11], as well as the lower bound.
Finally, Section VII concludes the paper and provides future
research directions.

II. SYSTEM MODEL AND RANDOMIZED NEIGHBOR
DISCOVERY

A. System Model

1) The Basic Model: We consider a synchronized time-
slotted wireless network with N static nodes. Nodes use
switched beam antenna arrays with beam width ω. To be
able to cover its surrounding, each node requires Σ = d 2π

ω e
directions. Let θ ∈ {1, . . . ,Σ} denote a direction. Further, due
to cost and hardware complexity we assume that nodes have
single RF chains, and thus nodes can transmit or receive in
single direction at a time. We also assume that node i can only
communicate with another neighboring node j over a single
direction (e.g., line of sight), denoted by θi,j .3 Let Ni,θ be the
superset of nodes that i can communicate to in direction θ, and
let Ni = ∪θNi,θ. Further, let N ∗i,θ denote the set of neighbors
that i can communicate with effectively in direction θ, i.e., the
”true” set of neighbors in direction θ, and let N ∗i = ∪θN ∗i,θ.

Each node is assigned a unique ID and other nodes will
recognize it as a neighbor when they receive this ID. We
consider the collision model, where a node can receive the
transmitted ID in a certain direction if no other neighbor of
the receiving node transmits to it in the same direction, i.e.,
no other node’s ID collides with the transmitted ID.

The goal of the directional neighbor discovery problem is
for each node i to identify all its neighbors N ∗i,θ for all θ
with the prior knowledge of Ni,θ for all θ. In Sec.V we
generalize the model by allowing for uncertainty in Ni,θ, due
for example to limited motion or mismatch in node capabilities
over different bands in dual band systems.

2) Implementation Examples: The model above could be
realized in different applications. Here we highlight three
possible setups.
• Dual band system: in this paper we will frequently refer

to it as it provides a simple illustrative example. Given
the channel characteristics of the microwave and mm-
wave bands [13], we can view Ni,θ and N ∗i,θ as neighbor
nodes in direction θ in the microwave band and mm-
wave band, respectively; Fig. 1 shows an illustration of
neighbor relations in a dual band system. Nodes could
perform neighbor discovery in one band, e.g., lower band,
to get Ni,θ.

• BS-assisted D2D: when the BS has access to device
locations, for each node i it could estimate Ni,θ. It is
important to keep in mind that due to shadowing/blocking
in wireless communication location proximity does not
necessarily translate to neighborhood relation.

• Networks that require frequent hello-like message ex-
change for neighbor discovery and topology maintenance.
This could possibly include some ad hoc networks, the set
Ni,θ in this case could be the set of previously discovered
nodes in direction θ.

3) Notation: We use calligraphic uppercase letters to de-
note random variables (r.v.), events, or sets, e.g., N ; normal

3Note that with some straightforward modification to the probability of
success, the analysis and the bounds still hold if multi-directional commutation
is assumed, however, the convexity of the resulting optimization problem
needs further investigation.



Figure 1: Neighbors of node i in the microwave and
mm-wave frequency bands. In this example, in direction θi
node i has three neighbors in the lower frequency band and
one neighbor in the upper frequency band, i.e., |N ∗i,θi | = 1

and |Ni,θi | = 3.
Table I: Table of key mathematical symbols

Θi Beam direction of node i in a time slot (random variable).
qi,θ Probability that device i steers its beam to direction θ.
pi,θ Given Θi = θ, probability that i transmits.
θi,j Direction i uses to communicate to j.
N ∗
i,θ Set of true neighbors of i in direction θ.

Tj,i Time for i to discover j.
Ti Time for i to discover all its neighbors.
T̄i Expected value of Ti, i.e., E{Ti}, see Sec. II-C.
T̄ Average expected discovery time in the network,

i.e., 1
N

∑N
i E{Ti}.

T̄max Maximum expected discovery time in the network.
i.e., maxi E{Ti}.

Q Set of all beam-steering probabilities.
P Set of all transmission probabilities.
Pj,i Prob. that i discover j in a given time-slot.

P
(min)
i The minimum discovery prob. for node i,

i.e., minjPj,i , j ∈ Ni.
P

(H)
i The harmonic mean of Pj,i, j ∈ Ni.

βij(θi) Prob. that i has j as a neighbor in direction θi.

uppercase letters to denote constants or cardinality of sets,
e.g., Nx = |Nx|, where |.| is the cardinality operator. We use
lowercase letters to denote variables or realization of random
variables. Further, we use several indexing methods when we
refer to beam directions: (i) double index, e.g., θi,j for the
beam direction that i uses to communicate with j, which is
different than θj,i (ii) single index, e.g., θi to represent the
beam direction that i uses at a certain time slot, and (iii) non
indexed, θ for a generic beam direction. Table I provides the
key mathematical symbols used in this paper.

B. Probability of the Successful Discovery

In this work we analyze the expected discovery time for a
randomized scheme where each node either transmits or listens
with certain probability. That is, node i randomly selects a
direction θ with some probability qi,θ ∈ [0, 1], and then
chooses to transmits its signature in that direction with some
probability pi,θ ∈ [0, 1] or listens with probability (1 − pi,θ).
Specifically,

P(Θi = θ) = qi,θ (1)∑
θ∈{1,...,Σ}

qi,θ = 1 (2)

P(Si = 1 | Θi = θ) = pi,θ, (3)

where the r.v. Si denotes the state of the node which is one
if it is transmitting and zero otherwise. The r.v. Θi denotes
the beam direction of node i in a given time slot. Let Dj,i
denote the event of node i detecting node j, i.e., i receives
node j’s ID successfully. For node i to successfully discover
node j, three conditions must be satisfied [11], [25]: (1) node
j needs to transmit in direction Θj = θj,i which occurs with
probability pj,θj,i×qj,θj,i . (2) Node i has to listen in direction
Θi = θi,j that happens with probability (1−pi,θi,j )×qi,θi,j . (3)
No other neighbor k ∈ N ∗i,θi,j transmits in the direction that
causes interference to i discovering j, we denote this event by
k 6→ Dj,i. Apparently, P(k 6→ Dj,i) = (1 − pk,θk,i × qk,θk,i).
Thus, the probability of successful discovery is given by

P(Dj,i) = pj,θj,iqj,θj,i(1− pi,θi,j )qi,θi,j× (4)∏
k∈N∗i,θi,j

(1− pk,θk,iqk,θk,i)

As we will discuss later, the expected discovery time is a
function of the probability of successful discovery, which
clearly is function of pi,θi and qi,θi for all directions θi
and for all nodes i. Thus, the goal for any randomized
discovery scheme is to identify the optimum transmission and
beam-steering probabilities. For clarity of presentation we use
Pj,i = P(Dj,i).

The value of Pj,i depends on nodes in N ∗i,θ, which is the
set of nodes that i has yet to discover! To circumvent this
we initially assume that N ∗i,θ = Ni,θ, this turns the problem
into verifying the existence of the neighbors.4 Due to this
assumption, for given values of pi,θ and qi,θ ∀i ∀θ, the true
probability of success is lower bounded by the value in (4).
Alternatively, in Sec. V we adopt a probabilistic model to
capture the correlation between N ∗i,θ and Ni,θ. Additionally,
in the simulation section, we study the impact of N ∗i,θ = Ni,θ
assumption on the performance when N ∗i,θ ⊂ Ni,θ.

C. Objective Function

As discussed earlier, discovery time is a key property for
any neighbor discovery scheme. For instance, allocation of
resources (time slots) for neighbor discovery in BS-controlled
D2D requires knowledge of the duration of the discovery
process [27]. Let the random variable Ti (in units of time-
slots) be the duration that node i requires to discover its
neighbors. The probability distribution of Ti can be found
using the inclusion exclusion principle, [28], to calculate the
probability that Ti is larger than t. Alternatively, using the
Poisson approximation argument [28], [29], a simpler form
that can be given by

P(Ti ≤ t) =
∏
j∈Ni

(1− exp−Pj,it). (5)

There are numerous ways to represent the discovery time in a
network with N nodes. In this work we focus our attention on
two objective functions: (i) average discovery time 1

N

∑N
i Ti,

4This is also relevant to other applications, for instance channel acquisition
between devices (nodes) in D2D network [26], where the set of neighbors are
known, and we need to exchange ”signature” messages frequently.



and (ii) time for all nodes to discover all their neighbors, i.e.,
maxi Ti. Obviously, the two objectives are distinct.

In general, for two nodes, i 6= j, Ti and Tj are not indepen-
dent and non identical. Thus analyzing the joint distribution
or high order moments are very challenging and network
dependent, even when (5) is used. Instead, to conveniently
analyze the mentioned objectives, we work with their expected
values, where the expectation is over the random decisions
of nodes, namely the transmission states, Si,∀i, and the
directions of the beams Θi,∀i. Nevertheless, in Appendix B
we discuss the relation between the expectation and its bounds
with the distribution (5) for one node.

Taking the expectation for the two objectives, we have: (i)
T̄ , 1

N

∑N
i E{Ti} = 1

N

∑N
i T̄i, where T̄i , E{Ti}, and

(ii) E{maxi Ti}. As discussed above, deriving the joint dis-
tribution to average maxi Ti is very complicated. We instead
use T̄max , maxi T̄i, i.e., we aim to minimize the maximum
expectation rather than the expectation of the maximum. The
relation between the two follows Jensen’s inequality,

T̄max ≤ E
{

max
i
Ti
}

(6)

Finally, it is worth mentioning that in a network with uni-
form structure or when using the simplified uniform neighbor
relations assumption we have T̄ = T̄max = T̄i.

III. EXPECTED DISCOVERY TIME AND BOUNDS

The two objective functions in II-C depend on E{Ti}. In
this section, we first model the Ti as the collection time of a
non-uniform coupon collector problem and then derive lower
and upper bounds.

A. Expected Discovery Time

Let Tj,i denote the time that node i takes to discover node
j ∈ N ∗i .5 Then

Ti = max
j
Tj,i. (7)

Since the nodes in the network make their decisions inde-
pendently over every time slot, Tj,i is a geometric random
variable. Further, note that for two nodes j, k ∈ N ∗i , j 6= k,
the events Dj,i and Dk,i are disjoint, this is true since we use
the collision model, i.e., node i may discover node j or k in
any given time slot but not both.

Using these observations, the problem can be viewed as a
non-uniform coupon collector problem [30]. Specifically, for
node i, consider the neighbor nodes as an N∗i , |N ∗i | distinct
coupons. Also, let Pj,i be the probability of collecting coupon
j. Then, Tj,i is the time to collect coupon type j and Ti is the
time required to collect all the N∗i coupons. As shown in [28]
and [30]

T̄i =
∑
j∈N∗i

1

Pj,i
−

∑
k,j∈N∗i ,k 6=j

1

Pj,i + Pk,i
+ ... (8)

+ (−1)N
∗
i +1 1∑

j∈N∗i
Pj,i

5Not to confuse Dj,i with Tj,i the former corresponds to a Bernoulli
random variable, while the later is related to a geometric random variable.

As indicated in [28], the proof of this relation relies on
two aspects of the problem; firstly, the minimum time to
collect any two coupons (to discover any two neighbors),
e.g., min(Tj,i, Tk,i), is also a geometric random variable with
parameter equal to the sum of their individual probabilities,
e.g., Pj,i + Pk,i. Secondly, the ”max” can be rewritten using
the inclusion exclusion principle [28]. Specifically, using the
definition of Ti, (7),

E
{

max
{
Tj,i, Tk,i, ...

}}
=∑

j∈N∗i

E
{
Tj,i
}
−

∑
j,k∈N∗i ,j 6=k

E
{

min
{
Tj,i, Tk,i

}}
+

∑
j,k,r∈N∗i ,j 6=k 6=r

E
{

min
{
Tj,i, Tk,i, Tr,i

}}
− ...

As a special case, when Pj,i = Pk,i = · · · = Pi, i.e., i
discovers all its neighbors with equal probability, it is easy
to show, as in [28], that

T̄i =
HN∗i

Pi
(9)

where HX is the Xth harmonic number, i.e.,
HX =

∑X
x=1 1/x ≈ log(X) + 0.557.

Remark: This special case corresponds to a typical coupon
collector problem, as discussed in I-A, which has been ex-
tensively used to model the discovery time when no prior
information is available, and thus clique and uniform neighbor
relations assumption are justified.6

B. The Upper Bound

In this subsection, we find an upper bound for the expected
discovery time, T̄i. The result is summarized by the following
theorem.

Theorem 1. The expected discovery time is upper bounded
as follows,

T̄i ≤
HNi

P
(min)
i

,

where P (min)
i , minj∈Ni Pj,i.

Intuitively, the bound is a result of reducing all the probabil-
ities in (8) to P (min)

i , which increases the expected discovery
time; in Appendix A we provide a formal proof.

C. The Lower Bound

Here, we derive a lower bound to the expected discovery
time.

Theorem 2. The expected discovery time for node i, is lower
bounded by the maximum expected time needed to discover
any neighbor j ∈ N ∗i , i.e.,

T̄i ≥ max
j∈N∗i

E
{
Tj,i
}
, ∀j ∈ N ∗i

6For instance, with abuse of notation, in a clique with N∗
i + 1 nodes

with probability of success Pi = 1
(N∗i +1)e

, as in [14], will have T̄i =

HN∗i +1(N∗
i + 1)e.



Proof. Noting that the max function is convex, Theorem 2 can
be proven by Jensen’s Inequality. Remember that T̄i = E{Ti}.
Using (7), we have

E
{

max
j
Tj,i
}
≥ max
j∈N∗i

E
{
Tj,i
}

= max
j∈N∗i

1

Pj,i
. (10)

In general, we expect (10) to be tight when one of the
success probabilities is significantly smaller than the other suc-
cess probabilities, especially when the number of the neighbor
nodes is small. The bound presented in the following theorem
addresses the case when the variation of success probabilities
is relatively small.

Theorem 3. The expected time that node i takes to discover all
its Ni neighbors, T̄i, in an arbitrary network is lower bounded
as follows:

T̄i ≥
HNi

P̄i
,

where P̄i , 1
Ni

∑
j∈Ni Pj,i.

Proof. For space limitation, we provide the proof in [31],
or can be concluded from an equivalent result in [32].

Remark 1: Theorem 3 indicates that the discovery time
is minimized when all probabilities of success are equal, this
can be visualized for a uniform network, where each node
has equal number of neighbors Ni. If neighbors are located
equally and uniformly in all directions, then the nodes (and
the network) seem to have a smaller expected discovery time
than in a random network.

Remark 2: The bounds in Theorem 2 and Theorem 3
emphasize two extreme scenarios; the former the case when
discovering one of the neighbors is relatively very hard, while
the latter the case when all of the neighbors are discovered
with comparable difficulty, and thus emphasizes the number
of neighbors. To cover both cases, we propose the following
lower bound:

T̄i ≥ max

{
HN∗i

P̄i
,

1

P
(min)
i

}
= T̄LBi (11)

IV. OPTIMIZATION

Thus far we have discussed the discovery time and derived a
lower and an upper bound. In this section we provide methods
to find the ”tuning parameters” of the randomized discovery
scheme, i.e., piθ and qiθ ∀i and ∀θ. Since the goal is to
minimize the expected discovery time, we can minimize either
of the objective functions in II-C. However, we note these two
objective functions rely on T̄i, which is very complicated and
non convex, for instance if node i has X neighbors T̄i has 2X

terms which makes it hard to optimize.7 Here, based on section
III, we provide two relatively simpler optimization metrics and
prove that they can be written in convex form.

7Note that [30] provides an alternative formula to calculate T̄i (8) through
integration of the Complementary CDF (CCDF) (5). Although this method
uses smaller memory to calculate T̄i, it requires more computation effort due
to the need to perform numerical integration. In simulation section we use
the suitable one based on the setup, as discussed in Sec. VI.

A. Upper Bound Based Metric

We use the bound in Theorem 1 as a metric. Thus, for T̄
we have,

min
P Q

1

N

N∑
i

max
j∈N∗i

HNi

Pj,i
, (12)

where we used the definition of P (min)
i in Theorem 1 and used

the fact that the 1
x is a strictly decreasing function (x > 0).

Similarly, for T̄max we have

min
PQ

max
i

max
j∈N∗i

HNi

Pj,i
, (13)

where P and Q are sets of all transmission and beam-
steering probabilities in the network, respectively. Note that
the objective functions in (12) and (13) contains reciprocals
of Posynomial, which are not convex in general [33, Ch. 4].
In the following we show that both optimization problem can
be rewritten as geometric programs and then transformed into
convex form. We start by writing the full optimization problem
related to (12), we have

OPT-AvgWPs0

min
P,Q

N∑
i=1

max
j∈N∗i

(
HN∗i

pj,θj,iqj,θj,i(1− pi,θi,j )qi,θi,j
×

1∏
k∈N∗i,θi,j

(1− pk,θk,iqk,θk,i)

)
subject to:

∑
θ

qi,θ = 1, ∀i

qi,θ, pi,θ ∈ [0, 1], ∀θ ∀i

where we used (4) to substitute for Pj,i. Next, we define the
dummy variables yi,θi,j and zk,θk,i , and introduce the new
constraints as follows:

OPT-AvgWPs

min
P,Q

N∑
i=1

max
j∈N∗i

(
HN∗i

pj,θj,iqj,θj,iyi,θi,jqi,θi,j
∏
k∈N∗i,θi,j

zk,θk,i

)
subject to: yi,θi,j ≤ 1− pi,θi,j , j ∈ N ∗i ,∀i

zk,θk,i ≤ 1− pk,θk,iqk,θk,i , k ∈ N ∗i ,∀i∑
θ

qi,θ ≤ 1 , ∀i

qi,θ, pi,θ ∈ [0, 1] , ∀θ ∀i

This optimization problem can be converted to convex form
[33, Ch. 4], and thus solved using standard convex optimiza-
tion toolboxes. In the following we prove that the solution
of OPT-AvgWPs0 and the solution of OPT-AvgWPs are the
same:

Lemma 1. There exists an optimal solution of OPT-AvgWPs
where all the inequalities hold with equality.

Proof. Let P̂ and Q̂ denote the optimal solution of OPT-
AvgWPs. Assume that for some nodes i, we have Ji ⊂ N ∗i ,
such that yi,θi,j < 1− pi,θi,j and/or zk,θk,i < 1− pk,θk,iqk,θk,i
for j, k ∈ Ji. Then increasing the values of yi,θi,j and/or



zk,θk,i , for j, k ∈ Ji, will either decrease the objective function
or leave it unchanged. Thus, all the first and second types
inequalities in OPT-AvgWPs will be active.

Further, assume for a node i,
∑
θ qi,θ < 1. Take a direction

θi ∈ {1, ...,Σ} and define

q∗i,θi = qi,θi + δi

p∗i,θi = εipi,θi ,

where δi = 1 −
∑Σ
θ qi,θ and εi =

qi,θi
qi,θi+δi

. Note that
pi,θiqi,θi = p∗i,θiq

∗
i,θi

and yi,θiqi,θi = (1 − pi,θi)qi,θi ≤
(1− p∗i,θi)q

∗
i,θi

. Hence the optimal cost will be either reduced
or stay unchanged. The former case contradicts the optimality
assumption. As a result, the third type inequalities will also
be active.

Thus we can solve the convex optimization problem OPT-
AvgWPs. Similar steps can be used to arrive to a convex
optimization problem for (13). The only difference is to
replace the sum with a max operator, which can still be
converted to convex form [33]. In the simulation section we
refer to the scheme that solves for convex form of OPT-
AvgWPs as AvgWPs. Similarly we refer to the one that solves
the convex form related to (13) function by MaxWPs.

The upper bound is based on the minimum probability of
successful discovery, as discussed in III-C, this quantity does
not always capture the behavior of the expected discovery
time. This is also clear from the proof of Lemma 1; we are
able to increase the probability of success with other neighbor
nodes without impacting the value of the objective function.
As will be discussed in the simulation section, this observation
gives an indication when this metric is most useful.

B. Approximation Based Metric

The alternative metric that we provide in this part is based
on the harmonic mean of probabilities of success. That is, T̄i
is approximated as follows,

T̄i ≈ T̄ ′i , max

{
HN∗i

P
(H)
i

, max
j∈N∗i

1

Pj,i

}
, (14)

where P
(H)
i is the harmonic mean of Pj,i, j ∈ N ∗i , i.e.,

P
(H)
i =

N∗i∑
j∈N∗

i

1
Pj,i

. In fact, simulations show that T̄i ' T̄ ′i .

This could be roughly explained through two observations; (i)
T̄i is mostly dominated by the probabilities of success with
small values, and the harmonic mean approximates that well.
(ii) Similar to the bound in Theorem 3 and as indicated in [34],
replacing a diverse values of probabilities with a condensed
one could possibly result in a lower bound. The rigorous
analytical explanation seems to be quite involved. Thus, we
do not provide any guarantee on how small |T̄i − T̄ ′i |, except
the following theorem,

Theorem 4. The approximation T̄ ′i is bounded as follows

max

{
HN∗i

P̄i
, max

j

1

Pj,i

}
≤ T̄ ′i ≤

HN∗i

P
(min)
i

Proof. The proof of the upper bound is straight forward. For
the lower bound it is enough to show that:

HN∗i

P̄i
≤

HN∗i

N∗i

∑
j∈N∗i

1

Pj,i

This can be proven using the relation between the harmonic
and arithmetic means, that is,

1

N∗i

∑
j∈N∗i

Pj,i ≥
N∗i∑
j

1
Pj,i

Taking the reciprocal of both sides and flipping the direction
of the inequality completes the proof of the theorem.

The optimization of this metric is done similar to IV-A, we
minimize the objective functions in II-C. For the T̄ , we have

min
PQ

1

N

N∑
i

max

{
HN∗i

N∗i

∑
j∈N∗i

1

Pj,i
, max
j∈N∗i

1

Pj,i

}
(15)

Similarly, for T̄max we have

min
PQ

max
i

max

{
HN∗i

N∗i

∑
j∈N∗i

1

Pj,i
, max
j∈N∗i

1

Pj,i

}
(16)

Using similar procedures as in IV-A, we can rewrite the
optimization problems based on (15) and (16) as geometric
programs, which can be transformed into convex form, for
instance for T̄ , based on (15), we have

OPT-ApproxAvg

min
P,Q

N∑
i=1

max

{
HN∗i

N∗i

∑
j∈N∗i

1

pj,θj,iqj,θj,iyi,θi,jqi,θi,j
×

1∏
k∈N∗i,θj,i

zk,θk,i
, max
j∈N∗i

1

pj,θj,iqj,θj,iyi,θi,jqi,θi,j
×

1∏
k∈N∗i,θj,i

zk,θk,i

}
subject to: yi,θi,j ≤ 1− pi,θi,j , j ∈ N ∗i ,∀i

zk,θk,i ≤ (1− pk,θk,iqk,θk,i) , k ∈ N ∗i ,∀i∑
θ

qi,θ ≤ 1 and qi,θ, pi,θ ∈ [0, 1], ∀θ, ∀i

This is a geometric program that can be transformed into a
convex form [33]. With slight modification on the proof in
IV-A, we can show that through this program we can find the
optimal value for the metric (15). In the simulation section
we refer to the scheme that solves the convex form of OPT-
ApproxAvg by ApproxAvg, and for the program that solves for
the convex form of (16) by ApproxMax.

V. MODEL WITH UNCERTAINTY, A GENERALIZATION

The assumed prior knowledge in II-A may not match the
system setup in a number of applications, and thus the relation
between N ∗θ and Nθ could be more complicated. For instance,
the set of neighbor nodes in direction θ could be uncertain due
to, for instance, randomness in the propagation environment,
outdatedness of network topology, etc. In the dual band system



example, the number of beam directions in each of the bands
need not be equal or the antenna pattern could be different
in different bands. In this section we aim to incorporate
such uncertainty into the model and study its impact on the
probability of success and the optimization metrics for the
expected discovery time.

One way to introduce the uncertainty to the model is by
using a confidence probability distribution on node relations.
In particular, let βi,j(θi, θj) be the probability that a ”link”
between i and j exist such that i has j as a neighbor in
direction θi, and j has i as a neighbor in direction θj . In
other words, we have

βi,j(θi, θj) = P(j ∈ N ∗i,θi , i ∈ N
∗
j,θj ). (17)

The joint distribution βi,j(θi, θj) is generic and depends on the
source of uncertainty in the system. For simplicity and ease
of presentation, we assume that the probability is independent
at the two ends of the link between i and j, i.e., we use
βi,j(θi, θj) = βij(θi)×βji(θj), where βij(θi) = P(j ∈ N ∗i,θi).
This simplification might be meaningful for the uncertainty
examples covered in this section. The probability form in (17)
can be used with more general examples and more compli-
cated uncertainty models. Note that the provided analysis and
conclusions in this section hold true for (17) with minor and
straightforward modifications.

Let Aij be the set of directions for node i where node
j could exist, i.e., Aij = {θ : βij(θ) > 0}. One source
of uncertainty could be the limited motion or location-link
mismatch, assuming that i should ”ideally” communicate with
j in the direction θ′ij , then we have

βij(θi) = P(j ∈ N ∗i,θi |θ
′
ij).

In this case βij(θi) captures the ”diffusion” around/from
θ′ij . Another example is a dual band system with unequal
number of beam directions in the two bands. Let ΣU and ΣL

denote the number of beam directions in the upper and in the
lower band, respectively. Assume that ΣU ≥ ΣL. Then Aij
contains all beam directions in the upper band that overlap
with direction θ′ij in the lower band at which j ∈ N ∗i,θ′ij (in
the lower band). Due to this generalization, a neighbor node
j may be considered to be in one or more directions, i.e.,
j ∈ Ni,θ ∀θ ∈ Aij . Fig. 2 shows a simple illustrative example.

In Sec. VI, we provide additional examples for values of
βij(θi). However, accurate modeling for motion, environment
or dual band systems is beyond the scope of the thesis. For
instance, values of βij in dual band systems depend on the
correlation between the bands, whose determination is an
active research topic.

A. Probability of Success

Introducing the concept of uncertainty changes the proba-
bility of successful discovery, since node i may communicate
with j using one of possibly several directions in Aij , and
similarly j could communicate with i using one direction in
Aji. The average probability of success becomes

Figure 2: An uncertainty example in a dual band system due
to different number of antennas in different bands, where

ΣL = 2 and ΣU = 4. Node j, that is neighbor to i in
direction θ

′

ij = m1 in the cmWave band, could be neighbor
in directions θij ∈ {c1, c2} in the mmWave band, i.e.,
Aij = {c1, c2}. With this knowledge, it is reasonable to
assume βij(θi) = 1

2 , θi ∈ Aij . Note that j ∈ Ni,c1 and
j ∈ Ni,c2, while in reality j ∈ N ∗i,c2 only.

P(Dj,i) =
∑

θi∈Aij

(1− pi,θi,j )qi,θi,jβij(θi)× (18)( ∑
θj∈Aji

pj,θj,iqj,θj,iβji(θj)

)
×

∏
k∈Ni,θi

(1− βik(θi)
∑

θk∈Aki

pk,θk,iqk,θk,iβki(θk))

The rationale behind (18) is easy to see when expanding the
the summations. Note that two nodes are neighbors over a
pair of directions, θi and θj , with probability βij(θi)×βji(θj).
Additionally, node i would receive interference from node k if
i and k are neighbors over the direction θi and θk, respectively.

B. Optimization Metric

Plugging (18), the average probability of success, into the
expected discovery time (8), or the developed metrics of Sec.
IV results in very poor performance and breaks the convexity.
For the developed metrics, it results in a loose lower bound.

Alternatively, noting that we use the reciprocal of proba-
bility of success in the proposed metrics of Sec. IV, in the
following we propose a heuristic method that proved to be
effective in Sec. VI. Instead of averaging the probability of
success, we can partially average the reciprocal of probabili-
ties of success over the direction pairs (θi, θj), we use

1

P(Dj,i)
:

∑
θi∈Aij ,θj∈Aji

βij(θi)× βji(θj)
P(D̃j,i(θi, θj))

, (19)

where

P(D̃j,i(θi,θj)) = (1− pi,θi,j )qi,θi,jpj,θj,iqj,θj,i×∏
k∈Ni,θi

(1− βik(θi)
∑

θk∈Aki

pk,θk,iqk,θk,iβki(θk))

This method is clearly based on averaging the metrics of Sec.
IV directly. Note that it is very challenging to incorporate
such averaging over the expected discovery time, (8), due to



the coupling of all probabilities of success, which emphasize
the importance of the simplified metrics in Sec. IV.

Finally, using arguments similar to IV-A and IV-B we can
show that the modified metrics can be transformed into a
convex form.

VI. SIMULATION AND DISCUSSION

In this section we study the expected discovery time with
prior information, we compare the performance of the pro-
posed metrics with the direct neighbor discovery scheme [11],
i.e., optimum solution with no prior information.8 We further
compare them all with the lower bound and the approximation,
and we discuss the impact of the average number of neighbors
and beam width on the performance. Next, we study the
impact of correlation between the two sets N ∗i and Ni on the
performance of the schemes, uncertainty for given distribution
and uncertainty due to difference in number of beams in dual
band systems.

We perform the simulation over a network with 40 nodes.
The nodes are placed uniformly at random locations in a
square area with 200 meters side length, the communication
range for all the nodes is equal to R meters, we choose R
depending on the desired average number of neighbors in the
network. Although the metrics in Sec. IV are relatively simpler
to optimize compared to the exact average discovery, they are
still computationally heavy for a large number of nodes. In
this section we perform simulation over 100 realizations of
node locations.

A. Performance of the Schemes

In this subsection we study the performance of the schemes
using three metrics: the average of expected discovery time
T̄ , the maximum expected discovery time T̄max and the
expectation of maximum discovery time E{maxi Ti}. The
simulation is done for nodes with 5 beam directions and for
the verification problem, i.e., N ∗i = Ni. In the simulations
we refer to the scheme that minimizes the average expected
time, i.e., T̄ , by AvgET, and the scheme that minimizes the
maximum expected time, i.e., T̄max, by MaxET.

Fig. 3 shows the average expected discovery time, T̄ =
1
N

∑40
i=1 T̄i, for several schemes versus the average number of

neighbors per node. Obviously, AvgET achieves the minimum
value. For small number of neighbors we use (8), while
for larger we use the method in [30]. Interestingly, both
AvgWPs and ApproxAvg perform well, with slight advantage
to ApproxAvg, which uses all probabilities of discovery for
all neighbors rather than the one that results in the minimum
probability of success. We note, as could be anticipated,
MaxWPs and ApproxMax are not performing well under
this metric. Furthermore, note that all the schemes beat the
optimum scheme with no prior information. The figure shows
the approximate value for T̄i (14), as discussed in IV-B it offers
a tight approximation/lower bound to AvgET, which explains
the good performance of ApproxAvg. The plotted lower bound

8We omit the comparison with the scheme in [6] to reduce redundancy,
since the performance can be deduced directly from the graphs in [6].
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Figure 3: T̄ versus average number of neighbors. The used
lower bound (LB) is 1
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Figure 4: T̄max versus average number of neighbors. The
used lower bound (LB) maxi T̄LBi.

is 1
N

∑N
i T̄LBi, and similarly the plotted approximation is

1
N

∑N
i T̄

′
i

. We note that the lower bound scales well com-
pared to other schemes, however, the gap increases with the
increase of average number of neighbors. Although it is not
shown in the figure, it is worth mentioning that in a very
dense network, where all neighbors have approximately equal
number of neighbors in all directions, we expect the bound
to become tight, since the network topology approximately
approaches the uniform network with all probabilities of
success are approximately equal.

Fig. 4 shows the maximum expected discovery time,
T̄max = maxi∈{1,...,40} T̄i, for several schemes versus the av-
erage number of neighbors per node. Clearly, MaxET achieves
the minimum value. In this case we have MaxWPs and
ApproxMax outperform AvgWPs and ApproxAvg. Notice that
MaxWPs performs relatively better than the other schemes,
that is due to the fact that the metric considers the maximum
value and MaxWPs minimizes an upper bound. Minimizing the
upper bound would reduce the extreme values, which results in
a better solution compared to minimizing an approximation for
this metric. We further note that all the schemes outperform the
optimum scheme without prior information. We also plotted
the minimum value of the lower bound and the approximation,
here we use maxi T̄LBi as a lower bound and maxi T̄

′
i for the

approximation. Compared to the previous objective the gap
between the schemes and the lower bound has increased, while
the approximation shows reasonable performance.

As discussed earlier, E{maxi Ti} has no closed form, thus
we use Monte Carlo simulations to obtain the expected maxi-
mum discovery time, specifically, we simulate the solution of
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Figure 5: Monte Carlo evaluation of E{maxi Ti}
the schemes with respect to this metric. Fig. 5 shows the re-
sults. The simulation is done for 1000 iterations. Surprisingly,
the schemes that minimize the average values, AvgET, AvgWPs
and ApproxAvg, perform better than the other schemes, in
other words, this could suggest that the schemes not only
minimize the average of discovery time but also reduce the
chances of large values of Ti ∀i. This might seem counter
intuitive, since one might expect that minimizing maxi T̄i is
the suitable method. However, maxi T̄i is a lower bound to
E{maxi Ti}, and minimizing it may not achieve satisfactory
results. This is more pronounced for larger value of average
number of neighbors, where the discrepancy between the
minimized metrics and simulated one is clear. Despite of
these results, minimizing the maximum expected discovery
time is still a useful metric with obvious interpretations. In
addition, we notice that the slope of the scheme without prior
information is smaller than in previous scenarios. This could
indicate that steering the beams uniformly at random could
alleviate the extreme values of maxi Ti, as a result of low
probability of success, due to collisions. In the remainder of
this section, we focus on the average expected time metric
since it is a proxy for both; the expected average and maximum
discovery time. Finally, note that MaxWPs outperforms MaxET
for large numbers of average neighbors and ApproxAvg slightly
outperforms AvgET for low numbers of average neighbors, this
is possible since the objective in this figure is different than
the objective minimized by MaxET and AvgET, respectively.

We next study the impact of the number of beam directions
on the average expected discovery time. In Fig. 6, we assume
that nodes have on average eight neighbors. It is evident that
the use of the prior information reduces the discovery time.
Further we notice that the relation between the schemes that
was observed in Fig. 3, is maintained in this figure as well.
For omni-directional neighbor discovery, and under the current
simulation setup, the benefit of prior information is marginal,
this suggests that the gain of prior information comes mainly
from choosing the appropriate beam-steering probabilities.

B. N ∗i,θ and Ni,θ Relation

To capture the impact of correlation between Ni,θ and N ∗i,θ,
for the system model introduced in Sec. II, we assume a simple
correlation between the two sets. Let the sets Ni,θ and N ∗i,θ
contain the nodes up to distance R and ρR in direction θ,
respectively, where 0 ≤ ρ ≤ 1, and thus we have N ∗i,θ ⊂ Ni,θ.
This model corresponds to disk coverage areas in Fig. 1 with
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Figure 6: T̄ versus number of beam directions (Σ).
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Figure 7: T̄ versus ρ.

R and ρR as radius for the coverage in cmWave band and
mmWave band, respectively. We emphasize that this naive
model does not necessarily correspond to the physical reality
of the channel, and that we use it to illustrates the performance
when deviating the N ∗i,θ = Ni,θ assumption that is made
initially.

The impact of ρ is shown in Fig. 7. As we can see,
although the analysis and the optimization are done with
assumption of perfect correlation, i.e., ρ = 1, the benefit of the
schemes when ρ < 1 is evident. However, as the correlation
between the two sets decreases, i.e., small ρ, the schemes have
relatively comparable performance. One impact of the lower
correlation is that even when there are small chances to have
neighbors in a given direction, node i has to steer its beam
into that direction, otherwise node i could possibly miss one
of the neighbors. This becomes a major limitation when the
correlation is very small and large number of nodes in the
network have this problem in several directions.

This simple model can be captured by the distribu-
tion βi,j(θi, θj) in Sec. V, specifically, we can simply use
βi,j(θi, θj) = ρ2, and solve the metrics as highlighted in Sec.
V. In this case, since we know precisely the direction which
a neighbor might exist in, the average probability of success
in (18) reduces to a scaled version of (4) with smaller impact
of interference. In figure 7 we consider this for AvgWPs and
ApproxAvg, which are shown as AvgWPs2 and ApproxAvg2,
respectively. As expected, in this simple model there is a small
improvement over the model that ignores such information.

Next, we consider a slightly more complicated uncertainty
model. We assume that a neighbor node j is in direction θ′i
with probability P0, which could represent a prior knowledge.
Additionally, j might be in surrounding directions θi 6= θ′i with
probability a(θi|θ′i)(1−P0)

b , where a(θi|θ′i) and b are constants.
We consider two examples, (i) Distribution 1, we assume that
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Figure 8: T̄ with two uncertainty models.

neighbor node could be in one of three directions, θ′i and one
direction to the left and right of θ′i, with a = 1 and b = 2.
For the second example, (ii) Distribution 2, we assume the
neighbor node could be in one of five directions, with a = 1
and b = 4. For example, for Distribution 2, given that θ′i = 3,
then βij(θi) = P(j ∈ N ∗i,θi |3) = 1−P0

4 , ∀θi ∈ {1, 2, 4, 5} and
zero otherwise. In Fig. 8, the simulation is done for a similar
setup as before, however, each node is capable of directing its
beam into eight directions. Clearly, the performance improves
as the certainty increases, i.e., P0 increases. For the two
distributions, the performances asymptotically converge to two
values as P0 becomes smaller, in that case the neighbor nodes
will, with high probability, be in the surrounding directions.
Next, we consider a dual band systems with different number

of beams in the two bands. We fix the number of beams in
the lower band, ΣL ∈ {2, 5}, and vary the number of beams
in the upper band ΣU . For simplicity, we ignore the impact
of attenuation and shadowing at the two bands. Note that
with this level of information, when given prior knowledge
about the direction which neighbor j exists in the lower band,
say θ′i, then j exits in directions θi in the upper band with
probability, βij(θi) proportional to the shared area between the
two directions θi and θ′i. For instance, similar to the example
in Fig. 2, when ΣL = 2 and ΣU = 4, for j in θ′i = 1,
then βij(1) = βij(2) = 1

2 and zero otherwise. Fig. 9 shows
advantage of increased information about neighbor directions;
the discovery time is smaller when ΣL = 5 compared to the
discovery time when ΣL = 2. Additionally, as a generalization
to the discussion for Fig. 7, for this βij model, and when
ΣU = n × ΣL,9 the average probability of success in (18)
reduces to a scaled version of (4) with a smaller impact of
interference, which explains the sudden decay of discovery
time for the case with ΣL = 5 when ΣU = 5 or ΣU = 10.
However, it is less obvious for ΣL = 2 due to the small value
of ΣL.

VII. CONCLUSION AND FUTURE WORK

In this paper we model the expected discovery time for one-
way randomized directional neighbor discovery schemes when
prior information is available. As a result of prior information,
every node may use different transmission and beam-steering
probabilities. We used the non-uniform coupon collector to
model the expected discovery time, and provide upper and

9This is relevant to the typical values, since in practice the number of beam
directions is usually power of two.
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Figure 9: T̄ in dual band system, with two values of number
beam directions in the lower band ΣL = {2, 5}, and varying

number of beam direction in the upper band.

lower bounds that we used to derive convex optimization
programs to minimize the expected discovery time by tuning
the directional transmission probabilities. Further, the derived
lower bound reveals the sensitivity of the expected discovery
time to the variation in probability of success. Specifically,
for given average probability of success, equal probability of
successes result in the minimum expected discovery time. It
also indicates the relation of discovery time in uniform and
random networks.

Since the goal of this work is to model, analyze and
optimize the expected discovery time, as a future work, we
shall take additional practical issues into consideration. In
particular, the current schemes require a central controller
for assignment of the transmission probabilities, which is
feasible in BS-controlled D2D networks, but not in ad hoc;
consideration of distributed schemes would thus be of interest.
Further, the idea of different directional probabilities can be
used to develop schemes for relevant applications such as
dual bands systems and BS-assisted systems.
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APPENDIX

A. Proof of Theorem 1

Proof. As defined earlier, Tj,i is a Geometric random variable
with parameter Pj,i ≥ P (min)

i , let P (min)
i = Pj,i − δji, where

δji is a non negative real number. Further, define two, probably
hypothetical, disjoint events such thatDji = D(min)

ji ∪Dδji, with
probabilities P(D(min)

ji ) = P
(min)
i and P(Dδji) = δji. Next,

define corresponding geometric random variables, T (min)
ji and

T δji. For instance, T (min)
ji is the number of trails until the first

occurrence of D(min)
ji . Then, as discussed earlier and in [28],

we have

Tji = min
{
T (min)
ji , T δji

}
Next, using the definition of Ti and the value of Tji, we have

max

{
min

{
T (min)
ji , T δji

}
, Tk,i, ...

}
≤ max

{
T (min)
ji , Tk,i, ...

}



This is true for all j, i.e., we have

Ti ≤ max

{
T (min)
ji , T (min)

ki , ...

}
Noting T min

ji is a geometric random variable with parameter
P

(min)
i independent of j, by taking the expectation of both

sides and following the derivation of (8), the result follows.

B. Relation Between Bounds and Distribution

The Cumulative Distribution Function (CDF) in eq. (5),
is the probability the last neighbor of particular node i is
discovered before time t. Note that it is function of values
of Pj,i, j ∈ N ∗i , which are determined based on solving
appropriate optimization problem, as in Sec. IV or V-B.
Thus, Pj,i has no immediate structure that depends on the
number of neighbors and/or directions. This makes providing
concentration of measure around the means or the bounds, as
in [14], a challenging task. In the following we simplify the
CDF and provide a simple relation to compute the time needed
for node i to discover the last neighbor with probability γ. We
can first approximate the CDF as follows

P (Ti ≤ tγ) ≈ exp
−

∑
j∈N∗

i
exp−Pj,itγ

= γ

Taking the log() of both sides twice we have

log(
∑
j∈N∗i

exp−Pj,itγ ) = log(− log(γ))

The left hand side is usually referred to as ”log-sum-exp” [33,
Ch. 3], or soft max, which bounds the maximum value of the
arguments of the exponential functions as follows,

−P (min)
i tγ + log(N∗i ) ≥ log(− log(γ)) ≥ −P (min)

i tγ (20)

This suggests that

c

P
(min)
i

≤ tγ ≤
log(N∗i ) + c

P
(min)
i

(21)

with c = − log(− log(γ)). Thus, tγ is slightly larger than
c

P
(min)
i

for small number of neighbors, e.g., c = 2.25 for γ =

0.9. Note the resemblance between the inequalities in (21) and
the findings in Theorem 1 and Theorem 2. In particular, for
γ ≈ 0.7 the lower bound is similar to the one in Theorem
2, and for γ ≈ 0.57 the upper bound is similar to the one in
Theorem 1.

Additionally, noting that P (H)
i ≥ P (min)

i , if log(− log(γ)) ≈
−P (min)

i tγ+log(N∗i ), it is easy to show that replacing the Pj,i
by P

(H)
i , similar to the approximation in (14), would result

in a lower bound for the expectation, by reverse engineering
some of the steps above and using the relation between the
Complementary CDF (CCDF) and the expectation. However,
if log(− log(γ)) is close to the right hand side of (20), then we
need to show that the values of t when log(N∗i )

P (H)−P (min) ≤ t con-
tributes more to the expectations evaluation compared to when

log(N∗i )

P (H)−P (min) > t. Although this seems true through simulation,
(not shown in the paper), it is analytically complicated, and
thus, as in Sec. IV-B, we leave it as a conjecture.

Finally, note that we can always compute the probability
for a given value of t. For instance, simulations, not shown in
this paper, show that we need t to be twice the exact value of
the expectation for γ ≥ 0.8.
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