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Abstract—Polarization diversity is an important candidate for
improving the channel capacity in multiple-input multiple-output
(MIMO) communication systems. The use of polarization-agile
antennas enables to reap important benefits of polarization
diversity without the need for additional up/down-conversion
chains and their associated cost and energy consumption. In this
paper we propose a novel scheme of polarization pre-post coding
based on the theoretical (approximate) closed-form derivation of
optimal transmit/receive polarization vectors to maximize channel
capacity when polarization agility is available only at one link
end. We use those as basis for an iterative joint polarization pre-
post coding for polarization agility at both link ends. Simulations
validate that the obtained capacity is in a close agreement
with that obtained by exhaustive numerical search for optimal
transmit/receive polarization orientation. Utilizing our scheme of
joint polarization pre-post coding improves system performance
by 3 dB to 5 dB in terms of the SNR.

I. INTRODUCTION

The phenomenon of channel depolarization in wireless
communication systems has long been attracting substantial
attention since it is the key to utilizing polarization diversity,
see, e.g., [1]–[6]. Wireless communication systems with multi-
polarized antennas utilize polarization diversity to increase
channel capacity and reduce bit/symbol error rate [4], [7]–
[12]. In other words, the unique characteristics of polarized
wireless channels can remarkably improve the performance of
the MIMO system beyond that of the conventional system not
fully utilizing polarized-channel characteristics.

Much of the existing literature on polarization diversity
assumes that the transmitter (Tx) and receiver (Rx) have colo-
cated (mounted) dual-polarized antennas, such that two an-
tenna ports are available for each spatial position. Compared to
the case where the same number of antennas, but only a single
polarization per antenna is available, this obviously leads to an
increase in diversity and capacity, although this gain depends
significantly on the cross-polarization discrimination (XPD)
[9]. However, the colocated dual-polarized antenna requires
doubling the number of antenna ports, with the associated
increase in the number of RF (up/down-conversion) chains
and increased baseband processing. Hence, for the fairness in
comparing the performance of the MIMO system, we consider
the antenna array structure that has the same total number
of antenna ports in this paper. That is, we take into account
spatially separated antennas at the Tx and Rx, each of which
has one antenna port and polarization, whether the polarization
is fixed or reconfigurable.

For the case of dual-polarized antennas, a number of im-
portant insights have been achieved by previous works, see,
e.g., [4], [7], [11], [12]. In recent years, polarization-agile
antennas have emerged, which can adapt their transmit/receive
polarization (Tx/Rx-polarization) while having only a single
output port [13], [14]. In this paper we propose and analyze
a MIMO communication system with such polarization-agile
antenna elements and the functionality of polarization precod-
ing/postcoding, which we call “polarized-MIMO” (P-MIMO)
in this paper. Hence, the implementation of the P-MIMO
system is feasible by utilizing aforementioned polarization-
agile antennas. The main contributions of this paper can be
summarized as follows:

• we introduce the P-MIMO communication system,
which utilizes polarization precoding and postcoding at
polarization-agile antennas;

• we provide a closed-form approximation of the optimal
Tx/Rx-polarization vectors in a system with polarization
agility at one link end to achieve channel capacity that is
greater than that of a conventional MIMO communication
system (with the same number of ports) with fixed single-
or multi-polarized antennas;

• we validate by simulations that the P-MIMO channel
capacity corresponding to the closed-form approximation
of the optimal Tx/Rx-polarization vectors is in a close
agreement with the maximum capacity obtained by the
brute-force numerical search;

• we propose an iterative joint polarization pre-post coding
to achieve global optimal Tx/Rx-polarization vectors in
systems with polarization agility at both link ends.

The remainder of this paper is as follows. Section II presents
the P-MIMO system model focusing on polarization-agile
antennas. In Section III, the polarization precoding/postcoding
scheme utilizing optimal Tx/Rx-polarization vectors is pro-
posed and described in detail. The validation of the pro-
posed polarization precoding/postcoding scheme is provided
via comparing theoretical and numerical results in Section IV.
Finally, Section V concludes the paper with the summary.

II. SYSTEM MODEL

Figure 1 shows the block diagram of the system we consider.
Both the Tx and the Rx have multiple antenna elements
(Nt and Nr of them, respectively). Each antenna element is
polarization-agile, i.e., its polarization vector p⃗Tx,j ( or p⃗Rx,i),



with j ∈ {1, ..., Nt} (i ∈ {1, ..., Nr} ) is adjusted by the Tx
(Rx) according to the channel state information (CSI). We
assume that perfect CSI at all antenna elements is available at
the Rx (CSIR) as well as the Tx (CSIT). Note that the CSI is
available for both orthogonal polarization directions; it can be
obtained through training schemes similar to those employed
in antenna selection systems (see, e.g., [15]). The impact of
imperfect CSI is outside the scope of this paper and will be
analyzed in future work.

In addition to the polarization precoding/postcoding, the
P-MIMO system contains precoding/postcoding that allows
optimum exploitation of the spatial degree of freedom; it is
well-known from conventional (non-polarization-agile) spatial
multiplexing systems with perfect CSI [16] that linear pre-
coding/postcoding based on the singular value decomposition
(SVD) of the effective channel matrix maximizes channel
capacity. It is intuitive that exploiting polarization-agile an-
tenna elements with polarization precoding/postcoding - on
top of the standard SVD-based spatial precoding/postcoding -
can achieve higher capacity than single-polarization or fixed-
polarization antenna elements (with the same number of
data streams or RF up/down-conversion chains). Mathematical
derivations for this intuition will be presented below.

The effective channel impulse response matrix in Fig. 1 can
be expressed as

Heff =

 p⃗ T
Rx,1H11p⃗Tx,1 . . . p⃗ T

Rx,1H1Nt p⃗Tx,Nt

...
. . .

...
p⃗ T
Rx,Nr

HNr1p⃗Tx,1 . . . p⃗ T
Rx,Nr

HNrNt p⃗Tx,Nt

 ,

(1)
where the operation (·)T is the transpose of a given vector
or matrix, and the dimension of Heff is Nr × Nt. Further,
Hij is called “polarization-basis matrix” in our paper, which
is express as

Hij =

[
hvv
ij hvh

ij

hhv
ij hhh

ij

]
, (2)

where hxy
ij with x ∈ {v, h}; y ∈ {v, h} is the XY-channel

impulse response from the Y-polarization Tx antenna to the
X-polarization Rx antenna. For example, hhv

ij is the HV-
channel impulse response from the vertically polarized (V-
polarization) Tx antenna to the horizontally polarized (H-
polarization) Rx antenna. Lastly, p⃗Tx,j and p⃗Rx,i are, respec-
tively, the Tx-polarization vector at the jth Tx antenna and
the Rx-polarization vector at the ith Rx antenna, and they are
expressed as

p⃗Tx,j =

[
pvTx,j

phTx,j

]
=

[
cos θj
sin θj

]
, (3)

p⃗Rx,i =

[
pvRx,i

phRx,i

]
=

[
cos θi
sin θi

]
. (4)

Here, we call the angles θj and θi Tx- and Rx-polarization
angles, respectively. It is worth mentioning that Tx- and
Rx-polarization vectors are unit vectors so that the overall
signal power is preserved after polarization precoding and
postcoding.

 !"#$%&#'%!()#*%"+

#('+((#

,-#((+"./'#'+.%(0!$1#'%!(.2,345

367)8#/+9.

:$+;!9%(*

 

 

 

 

 

 

367)8#/+9.

:!/';!9%(*

 

 

 

 

 

 

U  W

 !!H

   !

! !!

ij ij

ij

ij ij

h h
H

h h

 !
" # $

# $% &

' ( ' ( !! "

#$% &$%"
" "

T

ij i ij jh p H p 
  

 

 

 

 Ns

 
s

 

 

 

 
s 

 Ns 

 
r

 Nr

 
r 

 Nr 

 W U !

 !"#$%&#'%!(

)$*+!,%(- " # !"#jp
  !"#$%&#'%!(

)!*'+!,%(- ! !"ip
 

Fig. 1. MIMO system with polarization-agile antenna.

III. POLARIZATION PRE-POST CODING AT THE
POLARIZATION-AGILE ANTENNA

A. Polarization Precoding and Postcoding with Optimal Tx-
and Rx-polarization

The Tx and the Rx can utilize SVD-based precoding and
postcoding under the assumption of full CSIT along with
the full CSIR. The combination of SVD-based precoding
and postcoding achieves the MIMO channel capacity for a
given channel matrix via constructing the structure of parallel
channels [16]. On the other hand, the MIMO communication
system with polarization-agile antennas in Fig. 1 can perform
tuning of the effective channel impulse response matrix Heff

itself in (1) by either polarization precoding at the Tx or
polarization postcoding at the Rx; or joint polarization pre-post
coding at both ends. We first focus on polarization precoding
in this section.

Assuming full CSIT, the effective channel impulse response
matrix can be decomposed by SVD as

Heff = WΣU†, (5)

where Σ is a diagonal matrix containing singular values, and
W and U† are unitary matrices composed of the left and
right singular vectors, respectively [16]. In this paper, (·)† is
the Hermitian transpose operation. The channel capacity with
SVD-based precoding and postcoding is

C =

R
Heff∑
k=1

log2

(
1 +

Pk

σn
2
σk

2

)
, (6)

where RHeff is the rank of the matrix Heff , and Pk is the
power allocated to the kth eigenmode. Further, σk is the kth
singular value of the effective channel impulse response matrix
Heff , and σn

2 is the noise power. Capacity maximization is
achieved by a power allocation Pk that satisfies waterfilling
conditions

Pk = max

(
0, ϵ− σn

2

σk
2

)
s.t. P =

R
Heff∑
k=1

Pk , (7)



i.e., the threshold ϵ is determined by the constraint of the total
transmitted power P. We assume the total power is independent
of the number of antennas.

Following [17], we use Jensen’s inequality to obtain

C ≤ RHeff log2

1 +
1

RHeff

R
Heff∑
k=1

Pk

σn
2
σk

2

 (8)

= RHeff log2

 1

RHeff

ϵ

σn
2

R
Heff∑
k=1

σk
2

 , (9)

where high signal-to-noise (SNR) ratio is assumed; all Pk is
greater than zero, i.e., Pk = ϵ− σn

2/σk
2 > 0 in (7). Further,

σk
2 is the eigenvalue of

(
Heff(Heff)†

)
; therefore [18],

R
Heff∑
k=1

σk
2 = Tr

(
Heff(Heff)†

)
=

∑
n,m

∣∣heff
nm

∣∣2 . (10)

This is the sum of squared envelopes of all channel im-
pulse response elements in Heff ; notice that each element of
Heff is affected by the Tx- and Rx-polarization as implied
in (1). Hence, the polarization vectors at polarization-agile
antenna elements impact constructively or destructively on
the MIMO channel capacity even though SVD-based precod-
ing/postcoding reaches the MIMO channel capacity for the
given full CSIT.

The jth Tx polarization-agile antenna affects the jth column
in (1); thus, the sum of squared singular values in (10) can be
written as

R
Heff∑
k=1

σk
2 =

Nt∑
j=1

Nr∑
i=1

p⃗ T
Tx,j

(
H†

ij p⃗Rx,ip⃗
T

Rx,iHij

)
p⃗Tx,j

=

Nt∑
j=1

p⃗ T
Tx,jH

PD
Tx,j p⃗Tx,j , (11)

where the “Tx-polarization-determinant matrix” for the jth Tx
polarization-agile antenna, HPD

Tx,j , is defined as

HPD
Tx,j ,

Nr∑
i=1

H†
ij p⃗Rx,ip⃗

T
Rx,iHij . (12)

The Tx-polarization vector at each Tx polarization-agile an-
tenna is independent of those at other Tx-polarization anten-
nas; therefore, the optimal Tx-polarization vector at the jth Tx
polarization-agile antenna, p⃗Tx,j , is the one which maximizes
p⃗ T
Tx,jH

PD
Tx,j p⃗Tx,j in (11).

From the viewpoint of the linear-algebraic approach,
p⃗ T
Tx,jH

PD
Tx,j p⃗Tx,j is positive semi-definite; thus, the equation,

p⃗ T
Tx,j HPD

Tx,j p⃗Tx,j = cj corresponds to the ellipse as portrayed
in Fig. 2, where x and y coordinates correspond to the
elements of p⃗Tx,j , i.e., pvTx,j and phTx,j , respectively [18].
Geometrically, the principal axes of the ellipse are along
eigenvectors of the matrix HPD

Tx,j , −→e 1 and −→e 2, and the
distances from the origin to the ellipse along the principal
axes are cj/

√
λPD
1 and cj/

√
λPD
2 , where λPD

1 and λPD
2 are

the eigenvalues of HPD
Tx,j .
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Fig. 2. Polarization-determinant ellipse and polarization-vector unit circle.

Our objective at this stage is to estimate the optimal
Tx-polarization vector at each Tx polarization-agile antenna
element, p⃗Tx,j ∈ j = {1, · · · , Nt}, which maximizes the
column-sum of element-wise squared envelopes in Heff , i.e.,
p⃗ T
Tx,jH

PD
Tx,j p⃗Tx,j . On the other hand, Tx-polarization vector

p⃗Tx,j is on the unit circle as presented in (3); therefore, the
ellipse must have, at least, one intersection or contact point
with the unit circle; whereas, at the same time it must make
p⃗ T
Tx,jH

PD
Tx,j p⃗Tx,j = cj as large as it can. Hence, the optimal

Tx-polarization vector p⃗optTx,j and corresponding optimal Tx-
polarization angle θoptj described in (3) are as

p⃗ opt
Tx,j = argmax

p⃗Tx,j

p⃗ T
Tx,jH

PD
Tx,j p⃗Tx,j = e⃗2, (13)

θoptj = arctan(e⃗2). (14)

Notice that e⃗2 is the eigenvector corresponding to λ2, which
is the maximum eigenvalue of Tx-polarization-determinant
matrix, HPD

Tx,j . In this manner, each Tx polarization-agile
antenna element can perform polarization precoding with the
optimal Tx-polarization vector.

In a completely analogous manner, the optimal RX-
polarization vector can be derived; we just now have to employ
the row-sum (instead of the column-sum) of element-wise
squared envelopes in Heff . The optimum polarization vector
can be shown to be

p⃗ opt
Rx,i = argmax

p⃗Rx,i

p⃗ T
Rx,iH

PD
Rx,ip⃗Rx,i = e⃗2, (15)

θopti = arctan(e⃗2), (16)

where the “Rx-polarization-determinant matrix” for the ith Rx
polarization-agile antenna, HPD

Rx,i, is defined as

HPD
Rx,i ,

Nt∑
j=1

Hij p⃗Tx,j p⃗
T

Tx,jH
†
ij . (17)

B. Joint Polarization Pre-post Coding for Polarization Match-
ing

The Tx-polarization-determinant matrix at the jth Tx
polarization-agile antenna, HPD

Tx,j , depends on the Rx-
polarization vectors p⃗Rx,i as shown in (12), and vice versa
in (17). Further, Tx- and Rx-polarization mismatching will



deteriorate the system performance in terms of the channel
capacity in this paper. For those reasons, joint polarization
pre-post coding is required to maximize P-MIMO channel
capacity.

Since joint optimization of the pre-post coding is difficult
to obtain in closed form (and also difficult to implement),
we propose an iterative approach where one iteration is a
sequential loop of polarization precoding; then polarization
postcoding. In the kth iteration stage, p⃗ opt,(k−1)

Tx,j is updated
to p⃗

opt,(k)
Tx,j based on p⃗

opt,(k−1)
Rx,i according to (12) – (14).

Then, in turn, p⃗ opt,(k−1)
Rx,i is updated to p⃗

opt,(k)
Rx,i based on the

updated p⃗
opt,(k)

Tx,j following (15) – (17). Note that while each
step increases the capacity, the procedure is not guaranteed to
reach the global optimum. However, we will see in Section
IV that the capacity resulted from the iterative joint pre-post
coding is in a close agreement with the one achieved by brute-
force numerical search over all pre-post coding vectors.

IV. NUMERICAL EXPERIMENTS AND RESULTS

In this section we provide evaluations of our closed-form
equations for optimum polarization vectors and the associated
capacity. We also compare the results to brute-force numerical
optimization, where we step through all possible (discretized)
values of the Tx/Rx-polarization angle and choose the optimal
values that corresponds to the maximum capacity for each
P-MIMO channel realization. The step width of the brute-
force numerical search are, respectively, 1◦ in Figs. 3 and
4; 5◦ in Figs. 5 and 6; 10◦ in Figs. 7 and 8. Unless stated
otherwise, we consider independent and identically distributed
(i.i.d.) Rayleigh fading channels with a cross-polarization
discrimination, XPD = 0 dB.

We first investigate the impact of polarization agility in
several deterministic channels. The P-MIMO channel capacity
in a 2 × 2 MIMO system with polarization-agile antenna
elements is portrayed for varying Tx-polarization angles in
Figs. 3 and 4. The relatively low SNR regime such as 5 dB and
the very high SNR regime such as 30 dB are shown in Figs. 3
and 4, respectively. In both scenarios, the channel capacity
obtained by the polarization precoding at the Tx exhibits
negligible difference from that yielded by the numerical result
as indicated in both figures. For the 5 dB SNR in Fig. 3,
the theoretically derived optimal Tx-polarization angles them-
selves have insignificant differences from numerically derived
optimal Tx-polarization angles. In contrast, in the very high
SNR regime in Fig. 4, the differences between theoretically
and numerically obtained optimal Tx-polarization angles are
considerable. This is due to the fact that the approximation
(8) is less accurate at higher SNRs. However, the difference
in capacity is still remarkably small. In case of polarization
postcoding at the Rx, similar results are attained owing to the
symmetry described in Sections III-A; therefore, the results
are omitted here. It is worth mentioning that optimal Tx- or
Rx-polarization vectors are not necessarily orthogonal, which
corresponds to 90◦ difference in Tx- or Rx-polarization angles,
as described in Figs. 3 and 4.

 

Fig. 3. Channel capacity for varying Tx-polarization; 5 dB SNR.

 

Fig. 4. Channel capacity for varying Tx-polarization; 30 dB SNR.

The P-MIMO channel capacity with the optimal Tx-
polarization angles is demonstrated to depend on varying Rx-
polarization angles in Fig. 5, where we also consider the
2× 2 MIMO system with polarization-agile antenna elements
at both ends of the Tx and the Rx. The channel capacity
exhibits substantial variation from 21.47 bits/sec/Hz to 13.60
bits/sec/Hz depending on Rx-polarization angles, although Tx-
polarization angles are already set to the optimum obtained by
brute-force numerical search as will be shown in Fig. 6, i.e.,
θTx−1 = 80◦; θTx−2 = 50◦. This result obviously shows that
the polarization mismatching between the Tx and the Rx can
cause significant deterioration in the capacity of the whole
system, even if one end of the Tx and the Rx is already set
to the optimal polarization. However, the proposed scheme
of joint polarization pre-post coding also shows negligible
difference from numerical results in both optimal Tx- and Rx-
polarization angles and channel capacity.

Local optimal Tx- and Rx-polarization vectors at each
iteration of joint polarization pre-post coding are depicted
in Fig. 6 considering the same scenario of channel impulse
matrices and SNR as that in Fig. 5. The 2×2 P-MIMO system
is again considered in this figure. Here, one iteration is a
sequential loop of polarization precoding and then polarization
postcoding as described in Section III-B. Tx/Rx-polarization



vectors quickly converge; moreover, these global optimal
polarization vectors show relatively small difference from the
numerical optimum.

 

Fig. 5. Channel capacity for varying Rx-polarization with optimal Tx-
polarization; 30 dB SNR.
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Fig. 6. Optimal Tx/Rx-polarization angles for the number of iterations; 30
dB.

In contrast to Figs. 3 – 6, from this point on, we investigate
how much the joint polarization pre-post coding improves
the P-MIMO channel capacity in a statistical sense in Figs.
7 – 9. The simulation results are based on the 104 times
realizations of i.i.d. Rayleigh fading channels. Figures 7 and
8 depict cumulative density functions (cdf’s) of the 2 × 2
P-MIMO channel capacity at 5 dB SNR and 30 dB SNR,
respectively, for the scenarios of joint polarization pre-post
coding with Tx/Rx polarization-agile antennas; and random
Tx/Rx-polarization. It is noteworthy that the cdf resulted
from the fixed Tx/Rx-polarization exhibits exactly the same
cdf of random Tx/Rx-polarization at each channel realization
owing to the random generation of the i.i.d. Rayleigh fading
channels. Furthermore, the cdf’s of the optimal and the worst
Tx/Rx-polarization obtained by brute-force numerical search
at each channel realization, are presented in Figs. 7 and 8.
We perform five iterations for the joint polarization pre-post
coding at each P-MIMO channel realization, which results in
the satisfactory convergence of Tx/Rx-polarization vectors on
the global optimal ones as demonstrated in Fig. 6.
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Our joint polarization pre-post coding significantly improves
the P-MIMO channel capacity at both 5 dB SNR and 30
dB SNR. In Fig. 7, the probability of the P-MIMO channel
capacity less than 4.2 bits/sec/Hz is 0.75 with 5 dB SNR and
random Tx/Rx-polarization; whereas, with the proposed joint
polarization pre-post coding, the probability of the capacity
greater than 4.2 bits/sec/Hz is 0.94. For the improvement
of the P-MIMO channel capacity at 30 dB SNR in Fig. 8,
the probability of the capacity greater than 20 bits/sec/Hz
is 0.75 in the scenario of utilizing joint polarization pre-
post coding, while that probability is just 0.12 with random
Tx/Rx-polarization. It is noteworthy that the cdf curves of
random Tx/Rx-polarization scenarios in both Figs. 7 and 8
can be regarded as the expectation of the cdf curves in a
statistical sense when the joint polarization pre-post coding
is not utilized; however, the practical channel capacity would
exhibit substantial variations between the cdf curves associated
with the optimal and the worst Tx/Rx-polarization obtained by
brute-force numerical search in both figures.

The joint polarization pre-post coding achieves significant
improvement of P-MIMO channel capacity so that its cdf
curve remarkably approaches the best cdf curve obtained by



brute-force numerical search, in particular, at 5 dB SNR in
Fig. 7. The cdf curve corresponding to the proposed scheme
also exhibits slight difference from the best cdf curve resulted
from brute-force numerical search at the 30 dB SNR in Fig.
8, comparing to the significant difference between that best-
scenario cdf and the cdf of random Tx/Rx-polarization or,
more seriously, between the best- and the worst-scenario cdf’s
obtained by the numerical search.

Finally, we compare channel capacity for varying SNR and
the varying number of polarization-agile antennas in Fig. 9.
For each setting of the number of polarization-agile antennas,
Fig. 9 demonstrates three scenarios: joint polarization pre-
post coding at both link ends; Tx-polarization precoding
only at the transmitter; and random Tx/Rx-polarization as the
baseline control. In the high SNR regime, utilizing our joint
polarization pre-post coding remarkably improves P-MIMO
channel capacity with around 5 dB, 4 dB, and 3dB SNR gains
in the cases of 2 × 2, 3 × 3, and 4 × 4 P-MIMO channels,
respectively.

Moreover, it is noteworthy that in a relatively low SNR
regime below 9 dB, 2×2 and 3×3 P-MIMO systems adopting
the proposed joint polarization pre-post coding accomplish
almost the same channel capacity as, respectively, 3 × 3 and
4 × 4 MIMO systems with random Tx/Rx-polarization. We
also note that the P-MIMO system with our joint polarization
pre-post coding shows better channel capacity even than the
P-MIMO system that has one more antenna element at both
link ends of the transmitter and receiver and uses random
polarization, in the low SNR regime below 3 dB.
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Fig. 9. P-MIMO channel capacity for the varying SNR in the scenarios of
random Tx/Rx-polarization, Tx-polarization precoding, and joint polarization
pre-post coding.

V. CONCLUSION

In this paper, we proposed the use of polarization-agile
antennas as a means to improve capacity of MIMO systems
without requiring increased number of RF chains. Adjustment
of the polarization angles of those antennas to the instan-
taneous channel state was shown to significantly improve
capacity. For the case of polarization-agile antennas at one

link end, we derived in closed-form (approximately) optimal
polarization vectors and showed that their performance closely
approaches that of the true global optimum obtained through
brute-force numerical search. In the proposed joint polarization
pre-post coding, the local optimum usually reaches the global
optimum of Tx/Rx-polarization vectors within five iterations
at both high and low SNR. The proposed method offers an
alternative, low-cost and low-energy-consumption method for
capacity increase in MIMO systems.
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